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SYNTOMIC COMPLEXES AND p-ADIC NEARBY CYCLES. 


PIERRE COLMEZ AND WIESLAWA NIZIOL 


Abstract. We compute syntomic cohomology of semistable affinoids in terms of cohomology of F)- 
modules which, thanks to work of Fontaine-Herr, Andreatta-Iovita, and Kedlaya-Liu, is known to com¬ 
pute Galois cohomology of these affinoids. For a semistable scheme over a mixed characteristic local ring 
this implies a comparison isomorphism, up to some universal constants, between truncated sheaves of 
p-adic nearby cycles and syntomic cohomology sheaves. This generalizes the comparison results of Kato, 
Kurihara, and Tsuji for small Tate twists (where no constants are necessary) as well as the comparison 
result of Tsuji that holds over the algebraic closure of the field. As an application, we combine this 
local comparison isomorphism with the theory of finite dimensional Banach Spaces and finiteness of 
etale cohomology of rigid analytic spaces proved by Scholze to prove a Semistable conjecture for formal 
schemes with semistable reduction. 
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1. Introduction 

Let be a complete discrete valuation ring with fraction field K of characteristic 0 and with perfect 
residue field k of characteristic p. Let (fp = W{k) and F — ^f[^] so that RT is a totally ramified 
extension of F\ let e = [K •. F]he the absolute ramification index of K. Let denote the integral 
closure of ffp in K- Set Gk = Ga\{K/K), and let ip = iPy/(p-^ be the absolute Frobenius on W[k). For 
a log-scheme X over ffp: Xn will denote its reduction mod p", Xq will denote its special fiber. 

1.1. Statement of the main results. 

1.1.1. The Fontaine-Messing map. Let df be a fine and saturated log-scheme log-smooth over ffp equipped 
with the log-structure coming from the closed point. Denote by Xtr the locus where the log-structure is 
trivial. This is an open dense subset of the generic fiber of X. For r > 0, let S^n{r)x be the (log) syntomic 
sheaf modulo p" on Xo,et- It can be thought of as a derived Frobenius and filtration eigenspace of crys¬ 
talline cohomology or as a relative Fontaine functor. Fontaine-Messing [^, Kato [3S] have constructed 
period morphisms {i : Xq ^ X,j : Xtr ^ X) 

a™: S^nir)x ^ i*Rj*7^/p^{r)'x^^, r > 0. 

from logarithmic syntomic cohomology to logarithmic p-adic nearby cycles. Here we set Zp{r)' := 
^Zp(r), for r = (p - l)a(r) -f 5(r), 0 < h(r) < p - 1. 

Assume now that X has semistable reduction over ffp or is a base change of a scheme with semistable 
reduction over the ring of integers of a subfield of K. That is, locally, X can be written as Spec(A) for a 
ring A etale over 

ffK[Xt\--- ,Xt\Xa+l,--- ,Xa+b,Xa+b+l,--- ,Xd,Xd+l]/{Xd+lXa+l---Xa+b-w’^), I < h < e. 

If we put D := {Xa+b+i ■ • ■ = 0} C Spec(A) then the log-structure on Spec A is associated to the 

special fiber and to the divisor D. We have Spec(A)tr = Spec(AF-) \ Rk- 

We prove in this paper that the Fontaine-Messing period map a™, after a suitable truncation, is 
essentially a quasi-isomorphism. More precisely, we prove the following theorem. 

Theorem 1.1. For 0 < i < r, consider the period map 

(1.2) a™: ^X.5"„(r)x)^^*R*J*Z/p"(r)'^^^. 

(i) If K has enough roots of then the kernel and cokernel of this map are annihilated hy p^'^+'^p 

for a universal constant N (not depending on p, X, K, n or r) and a constant Cp depending only on p 
(and d if p = 2). 

(ii) In general, the kernel and cokernel of this map are annihilated by p^ for an integer N = N{e,p,r), 
which depends on e, r, but not on X or n. 

For z<r<p—1, itis known that a stronger statement is true: the period map 

(1.3) a™: Jf\A^rr{r)x)^i*R^J.Z(p^{r)xrr- 

is an isomorphism for X a log-scheme log-smooth over a henselian discrete valuation ring of mixed 
characteristic. This was proved by Kato [3S1[3S], Kurihara [10], and Tsuji [OOllOl]- In [02] Tsuji generalized 

^See Section 112.2. lH for what it means for a field to contain enough roots of unity. For any K, the field K(<^pn), for 
n > c{K) -h 3, where c(K) is the conductor of K, contains enough roots of unity. 
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this result to some etale local systems. As Geisser has shown [30], in the case without log-structure, the 
isomorphism (Il 3 allows to approximate the (continuous) p-adic motivic cohomology (sheaves) of p- 
adic varieties by their syntomic cohomology; hence to relate p-adic algebraic cycles to differential forms. 
This was used to study algebraic cycles in mixed characteristic [54], geometric class field theory [41], 
Beilinson’s Tate conjecture [S], variational Hodge conjecture p-adic regulators and special values of 
p-adic L-functions [58] . 

We hope that the “isomorphism” (USD that generalizes will allow to extend the above mentioned 
applications. Actually, (USD was already used to approximate motivic cohomology in mixed characteristic. 
More precisely, in [53] it is shown that the result of Geisser generalizes to all Tate twists and to the ” open” 
case (i.e., with a possible horizontal divisor at infinity). One gets a higher cycle class map from continuous 
p-adic motivic cohomology to log-syntomic cohomology that is a quasi-isomorphism (by an application of 
the p-adic Beilinson-Lichtenbaum conjectures on the special and the generic fibers). This allows to define 
well-behaved integral universal Ghern classes to log-syntomic cohomology [53]. Along similar lines, using 
([ 121 ), it is shown in m that the p-adic AT-theory sheaves localized in the log-syntomic topology coincide 
with log-syntomic Tate twists (up to a direct factor). This is analogous to what happens Radically 
[62 [49]. 

As an application of Theorem 11.11 one can obtain the following generalization of the Bloch-Kato’s 
exponential map m- Let be a quasi-compact formal, semistable scheme over (for example a 
semi-stable affinoid). For i > 1, consider the composition 

FM 

If A is a proper semistable scheme X over and 1 < i < r — 1, then the G/f-representation Vi-i = 
Qp(r)) is finite dimensional over Qp, JI^'^^(Xx) is finite dimensional over K, and = 

-DdR(hi-i). The map for the formal scheme ^ associated to X is then the Bloch-Kato’s map [3S] 

DdR(V^-l) ^ H\Gk,V,-i) = Hi,(XK,Qp(r)). 

Easy comparison between de Rham and syntomic cohomologies, together with Theorem ll.il yield the 
following result. 

Corollary 1.4. For i < r — 1, the map 

Oir,i ■ , Qp{f)) 

is an isomorphism. The map ar^r ■ is injective, but its cokernel can 

be very large if the dimension of is > 1. 

Recall how one shows that the period map a™ from m is an isomorphism. Under the stated 
assumptions one can do devissage and reduce to n = 1. Then one passes to the tamely ramified extension 
obtained by attaching the p’th root of unity fp. There both sides of the period map ([LSI) are invariant 
under twisting by t S Acr and Cp, respectively, so one reduces to the case r = i. This is the Milnor case: 
both sides compute Milnor AT-theory modulo p. To see this, one uses symbol maps from Milnor AT-theory 
to the groups on both sides (differential on the syntomic side and Galois on the etale side). Via these 
maps all groups can be filtered compatibly in a way similar to the filtration of the unit group of a local 
field. Finally, the quotients can be computed explicitly by symbols [12], [34], [40], [62] and they turn 
out to be isomorphic. This approach to the computation of p-adic nearby cycles goes back to the work 
of Bloch-Kato [T5] who treated the case of good reduction and whose approach was later generalized to 
semistable reduction by Hyodo [34] . 
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1.1.2. Galois cohomology of semistable affinoid algebras. Our proof is of very different nature: we con¬ 
struct another local (i.e., on aflinoids of a special type, see below) period map, that we call Modulo 

some r)-modules theory reductions, it is a version of an integral hazard isomorphism between Lie 
algebra cohomology and continuous group cohomology. We prove directly that it is a quasi-isomorphism 
and coincides with Fontaine-Messing’s map up to constants as in Theorem ll.il The (hidden) key input 
is the purity theorem of Faltings [25] , Kedlaya-Liu m, and Scholze ^6] : it shows up in the computation 
of Galois cohomology in terms of F)-modules 157]. 

More precisely, let R be the p-adic completion of an etale algebra over 

Ra - - ,Xd+l}/{Xd+lXa+l - ■ ■ Xa+b -vj), 

where a, b are integers and d > a b. We equip the associated formal schemes with the log-structure 
induced by the “divisor at infinity”: Xa+b+i ■ ■ ■ Xd = 0 and the special fiber. These are formal log-schemes 
with semistable reduction over ^k- 

To compute the syntomic cohomology of R, we need to choose good crystalline coordinates for R, i.e., 
we need to write it as a quotient of a log-smooth ^F-algebra . The easiest way to do that is to add one 
variable. We start with ^k- Take the algebra r+ := i^f[[-^o]] equipped with the log-structure associated 
to Xq. Sending Xq to w induces a surjective morphism —>■ ^k- 

Let now ^ be the completion of ffplXo, Xf^, • • • , X^^,Xa+i, ■ • ■ , Xd+i, Xa+^°x +;, ] ^o)- 

adic topology. We add Xq to the log-structure induced from i?n. Sending Xq to w induces a surjective 
morphism ^ ^ Rfj whose kernel is generated by P = P^{Xo). This provides a closed embedding of 
Spf Pn into a formal log-scheme Spf □ that is log-smooth over Let P+ be the unique etale lift 
of P over P^ p complete for the (p, P)-adic topology (which is also the (p, Xo)-adic topology). We equip 
it with the log-structure induced from P^ q. Sending Xq to zu induces a surjective morphism P+ —> P, 
whose kernel is generated by P = P.^{Xo). We denote by P™ the p-adic PD-envelope of P in P+. We 
endow it with Frobenius v^Kum induced by Xi —>• Xf, 0 < i < d + 1. This is our PD-coordinate system 
of P. 

The syntomic cohomology of P can then be computed by the complex 
(1.5) Syn(P,r) := Cone( P’Tl^pp ^ ^ )[-l], 

where := P™ we have Hly^{R,r) = P*(Syn(P,r)). 

Now, let P be the “maximal extension of P unramified outside the divisor Xa+b+i---Xd = 0 in 
characteristic 0 (i.e., after inverting p)”. Let Gr = Gal(P/P). Modulo the identification of a™ and 
a^°‘^, claim (i) of Theorem o is a consequence of the following more precise statement that relates 
Galois cohomology of Gr (and etale cohomology of the associated rigid space) with values in Zp(r) and 
syntomic cohomology in degrees < r. This is the first main result of our paper. 

Theorem 1.6. If K contains enough roots of unity then the maps 

: T<,Syn(P, r) ^ T<,Rreo„t(GR, Zp(r)), 

afr : T<,Syn(P,r)„ ^ r<,Rreo„t(GF, Z/p"(r)) ^ T<,RF((Sp P[l/p])tr.et, Z/p”(r)) 
are quasi-isomorphisms up to p'^”, for a universal constant N. 

This statement is more precise than that of Theorem 11.11 because we do not require etale localization. 
Claim (ii) of Theorem o follows by a simple descent argument from claim (i). The constants are very 
crude and no doubt can be improved upon. 
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Remark 1.7. The same descent argument would allow to remove the condition “it! contains enough 
roots of unity” in Theorem ll.61 at the cost of introducing constants depending on K. It seems likely that 
one could make the constants depend only on the valuation of the different of K and not on K itself. 

In fact, it does not seem unreasonnable to think that a statement analogous to Corollarv ll.41 describing 
etale cohomology in terms of differential forms, should be valid for a general afhnoid algebra, smooth in 
characteristic 0, with constants depending on the “defect of smoothness in mixed characteristic” (i.e., the 
p-adic valuation of suitable Jacobians). The point is that one can use the purity theorems to pass to a 
finite cover with very small defect of smoothness where one could try to apply the methods of this paper 
(suitably modified). 

We hope to come back to these questions in a future work. 

l. 1.3. Period isomorphisms in the semistable case. Theorem 11.11 holds also for base changes of semistable 
schemes and implies that we have a quasi-isomorphism (up to for a universal constant N) 

(1.8) a™: J^\J^n{r)x,^)^rR%Zlp-{ry^_^ t < r, 

where i : Xq ^ ^ tr ^ Hence an isomorphism 

(1.9) a™: R:,„(X^^,r)Q4R*(X^_,„Qp(r)), ^ < r. 

This recovers Tsuji’s result [531 Theorem 3.3.4] that he proves by similar techniques as his results over K. 
Namely, in the case when g K and r = i, Tsuji notices that twisting the nearby cycles by (pn allows 
to perform devissage and to reduce to n = 1, where one again can use explicit computations by symbols. 
This allows him to prove Theorem 1 1.1 1 in this case [63l Theorem 3.3.2] up to with a constant N that 
depends only on p and r. To pass to alH < r he needs to show that twisting by t does not change the 
syntomic cohomology sheaves. This he is able to do over K |63l Theorem 2.3.2] and up to a constant N 
that depends only on p, r, and i. 

The isomorphism (USD is used traditionally to prove p-adic comparison theorems by the syntomic 
method [28] , [36] , [63] , [65] , [68] . Recall how the argument goes in the case of a trivial divisor at infinity, 
i.e., when Xtr = Xk- One composes the map a™ with the natural map 

H\Xt^, Qp(r)) ^ ®f Bst{r}, 

where R|jj^(X) is the Hyodo-Kato cohomology of X, to obtain the period map 

a : Qp) (8 )Qp Bst ^ Bgt- 

This map is shown to be compatible with Poincare duality. Hence it is an isomorphism. 

We have realized that we can prove that the period map a is an isomorphism without evoking Poincare 
duality by techniques supplied by the theory of finite dimensional Banach Spaces [20] . This reproves the 
classical comparison theorem for semistable schemes via a modified syntomic method (including the 
case of non-trivial divisor at infinity treated in Tsuji [65] and Yamashita-Yasuda [68]). Recall that the 
semistable comparison theorem for schemes was proved also by different methods in m, m, m. ehi, 

m, m (see [SD] for the proof that most of these methods yield the same period map). They all use 
Poincare duality. The only proof of a general comparison theorem that does not use Poincare duality is 
the proof of the de Rham conjecture for rigid analytic spaces by Scholze m- 

The fact that we do not need Poincare duality anymore allows us to combine the comparison isomor¬ 
phism dEll) with finiteness of etale cohomology of proper rigid analytic spaces proved by Scholze m to 
prove the second main result of this paper - a comparison theorem for semistable formal schemes. 

Corollary 1.10. (Semistable conjecture) Let SL be a proper semistable formal scheme over There 
exists a natural Bgt-^wear Galois equivariant period isomorphism 

a : Qp) ^st Bst, 
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that preserves the Frobenius and the monodromy operators, and induces a filtered isomorphism 

a : Qp) — ^^dR('^Ar,tr) BdR. 

1.2. Sketch of the proofs of the main results. We will now sketch the proofs of Theorem 11.61 and 

Corollary inni 

1.2.1. Local computations. We will start with Theorem ll.61 If v > u > 0, let (resp. be the ring 

of analytic functions over F convergent on the disk Vp(Xo) > u/e (resp. the annulus v/e > Vp(Xo) > uje), 
where e = [K ■. F\, and let (resp. Our ring i?™ is very close 

to u = 

Set u = and u = p — 1 in what follows (for p = 2, one has to modify slightly the arguments and 
take M = |, = |, but we will ignore this for the introduction). To define the period map 

: r<rSyn(i?,r) r<^Rrcont(Gfi, Zp(r)), 

using (p, cI)-modules techniques, we produce a string of “quasi-isomorphisms” (a “quasi-isomorphism” 
is a map of complexes whose associated map on cohomology has kernels and cokernels killed by p^” for 
some absolute constant C). We start with quasi-isomorphisms 


(1.11) Syn(i?,r) ~ Kum(i?M,r) Kum(R|^’’'l, r), 

where the Kummer complexes Kum(-,r) are defined by formulas analogous to (II.5p . Here we are forced 
to truncate the morphism Kum(, r) —Kum(i?CT’^^, r) because it is a quasi-isomorphism up to too 
large constants in degrees > r. The second quasi-isomorphism in (11.111) is proved using the tp operator - 
left inverse to p - and acyclicity of the ip = 0 eigencomplexes. 

We called the complexes in (11.111) Kummer because they are related to the Kummer extension 
) of K. Let us explain what we mean by that. Let Ei be the tilt of R and set Ai = IT(Ei). 

Choose, inside R, elements Xf , for i = l,...,d and n G N, satisfying the obvious relations (i.e. 

Xf" = X, and (Af= Xf" if n > 0). If z = 1,..., d, let Xi = (X„ ...) G E+. 

Sending Aq to [zu^], where is a sequence of p’th roots of zu, and A^ to [xi], if z = 1,..., d, induces 

an embedding ZKum ^ Rt, ^ Ai which commutes with Frobenius (p and is compatible with filtrations 

R 

(with filtration on Ai by powers of the Kernel of the natural map 9 : Ai ^ R). By continuity, this 

R R 

extends to embeddings 

^Kum ■ ' '^~R ’ ^Kum • ’ 

which commute with Frobenius and filtration. 

But, if K contains enough roots of unity, the ring can also be embedded into period rings via a 

cyclotomic embedding (i.e. using the cyclotomic extension of K instead of its Kummer extension). This 
will however change the Kummer Frobenius into the cyclotomic Frobenius pcyci- Let us sketch how this 
is done. Let z(A) be the largest integer z such that K contains (pi and, if rz G N, let = K{(pn+i(K)). 
The assumption that K contains enough roots of unity implies (thanks to the field of norms theory and 
extra work ^0]) the existence of tzk G A-j^, fixed by Gal(A/Aoo), such that <p{ttk) = /(’’"a), with /(Aq) 
analytic and bounded on the annulus 0 < z;p(Ao) < v/e, and such that modulo {p,[p^Y^^) we have 
ttk = ('n7A„)raGN S E^ ~ a tower of uniformizers of the fields A„. We can embed into sending 
Aq to ttk and this extends to the completion of r+[A^^] for the p-adic topology. The imag^ Xk is 
stable under the action of p, hence inherits a Frobenius that we note <Pcyci- This Frobenius does not 


^This is the image by y dK) of the usual Ax from the theory of pp, r)-modules. 
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preserve r+, but we have V5cyci(-^o) G - the ring of analytic functions over F with integral values 

on the annulus 0 < Vp{Xo) < vje. 

For a general i?, first we extend t/^cyci to a Frobenius on by setting 


^cycl(^i) — 5 1 ^ ^ ^ d, ^cycl( 


X„. 


Xo 


■■X„ 


:) = (: 


Xo 


\p ‘Pcycl(Xo) 
) 


Then, for n G N, we consider ii„ - the subalgebra of R generated by R and Xf for f = 1,..., d, 
and ~ Line^Rn- The ring i?oo[^] is a Galois extension of with Galois 

group F/j which is the semi-direct product 


1 F^ —^-F/j—^Fi^- —>-1, 


where 


F'^ = Gal(i?oo[i]/ifoo • Z^, Tk = Gal{K^/K) ~ 1 +p*(^)Zp, 

and a G 1 -I- acts on Z^ by multiplication by a. 

We define the cyclotomic embeddinjl icyd : R'^‘^° —>■ A^'^° using the embedding icyd : —>• A^®° 

and sending Xj to [xj] if 1 < j < d. It is compatible with Frobenius and with filtration. We denote 
by A^®®° the image of i?^®° by tcyd- Then, the rings A^, A^’“^, A^’’'^'*’ are stable by Gr which acts 
through Ffl. 

Goming back to cohomology, using standard crystalline techniques, we show that change of Frobenius 
does not affect syntomic cohomology. That is, we produce quasi-isomorphisms 

Knm{Rt'’\r)c^SyniiRMmZ’'’Y^,iPKnrn^^cycur):^CycliRt^\r), 

where the last complex is defined as in (11.511 using the ring and the cyclotomic Frobenius pcyd- 

Next, choosing a basis of and using the isomorphism ~ we change Gycl(it!ro’’'^, r) into 

a Koszul complex: 

Cyc\{Rt ^^, r) c. Kos(p, 9, F''A^’"!). 

Then, multiplying by suitable powers of t, we can get rid of the filtration (in degrees < r; this is the only 
place where the truncation is absolutely necessary), which changes the derivatives into the action of the 
Lie algebra of F/i, to obtain: 

r<rKos(p,5,F’'A^’'"') ~ T<rKos(:p, LieF/j, A^’"'(r)). 

Standard analytic arguments a la hazard change this into a Koszul complex for the group: 

Kos(:p,LierH, A^’"'(r)) ~ Kos((p, F^j, A^’’''(r)). 

Then, using (:p, r)-module techniques, we get “quasi-isomorphisms” 

Kos((p,rij, A^’"''(r)) ~ Kos(:p,rH, A^’"'+(r)) ~ Kos(p, F^, Ai^(r)). 

Here we use the operator ipcyci ~ the left inverse to Pcyd and argue by acyclicity of the ip = 0 eigencomplex. 
Finally, general nonsense about Koszul complexes gives us a quasi-isomorphism 


Kos(ip, Ffl, Aij(r)) ~ [ Rrcont(r_R, A/j(r))-^ RFcont(rK, A/i(r)) ]; 


and general relative (p,F)-module theory gives quasi-isomorphisms 


[ RFcontlFfi, A/j(r))-^ Rrcont(rfl:, A/j(r)) ] ~ 


[Rreo„t(Gfl,Aj^(r)) 


Rrcont(GH,A^(r)) ] ~RF 

cont (Gfl,Zp(r)). 


^Here, and everywhere in the paper, “deco” stands for “decoration”, and is one of PD, [ti], [ti,!’], (0,^;]+, ... 
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The first quasi-isomorphism is proved by the almost etale and decompletion techniques developed in 
the relative setting by Andreatta-Iovita [4] and by Kedlaya-Liu [37]; the second one follows from the 

1 — ip 

relative Artin-Schreier theory (i.e. the exact sequence 0 —>■ Zp — A-j^ -^ A-j^ 0). This finishes the 

definition of the quasi-isomorphism from Theorem If .61 

Since, by the p-adic K{'k, 1)-Lemma |57| and by Abkhyankar’s Lemma, we have 

Rrcont(Gfl,Z/p"(r)) cs Rr((Spi?[l/p])tr,et,Z/p'^(r)), 
the above sequence of quasi-isomorphisms constructs a quasi-isomorphism 

: T<rSyn(i?, r)„ cs r<rRr((Sp R[l/p])tr,et, Z/p”(r)). 

1.2.2. Finite dimensional Banach Spaces and semi-stable conjecture. To prove Corollary 11.101 first we 
show (this is a simplification for the sake of the introduction) that we have the long exact sequence 

(1.12) ^ (ifdR (fer) ^ 774„(.r^_,r)Q ^ 

For i <r, the above long exact sequence yields short exact sequences 

0 ^ i7,V„(jr^_,r)Q ^ (i7(iK(^) ^ B+r)/F’') ^ 0 

To prove this, we observe that fi : {F[l^^{3F) ®f ®k Bdj^)/A’’) is the 

evaluation on G = of a map of finite dimensional Banach Spaces [H] . Recall that these Spaces are to 
be thought of as finite dimensional G-vector spaces up to finite dimensional Qp-vector spaces, and come 
equipped with a Dimension, which is a pair of numbers (a, 6), a G N, & € Z, where a is the G-dimension, 
and b is the Qp-dimension. Dimension is additive on short exact sequences. 

But, i7*y„(S>_,r) Q, f < r, is a finite dimensional Qp-vector space: we have the quasi-isomorphism 
dm with etale cohomology and Scholze proved finite dimensionality of the latter m- This implies that 
the cokernel of fi, viewed as a map of Banach Spaces, is of Dimension {0,di). On the other hand, the 
Space (77dR('^A',tr) ®k B)Jj^)/A'' is a successive extension of G-vector spaces. The theory of Banach 
Spaces implies that the map (77dR^(>^A-,tr) ®k B)(j^)/A’' —)> Cokeris zero, hence Coker= 0, as 
wanted. 

Now, since we have the Hyodo-Kato isomorphism 

^hk('^) ®Ko K ~ 

the pair (77hj^(.^), i7jj^( Jl)f_tr)) is a ((p, 7V)-filtered module (in the sense of Fontaine). The above short 
exact sequence and a “weight” argument shows that Vst(i7HK('^)) ^^dR('^A',tr)) — ^*(-^7? tr> Qp)- Here 
Vst(-) is Fontaine’s functor from filtered Frobenius modules to Galois representations. The short exact 
sequence and dimension count give also that tN{H^^{t^)) = tH{H^^{t%'K,tr)), where t^iD) = i;p(det ip) 
and tniD) = f dim/^(F^D/A^+^D). The theory of Banach Spaces and finite dimensionality of 

Vst(F7yj^(.^), 7Jgj^(.^i<'^tr)) imply now that the pair iF{^^{t^), is weakly admissible and 

this proves Corollary II. 101 
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1.2.3. Notation and Conventions. 

Definition 1.13. Let G N. For a morphism f : M ^ M' of Zp-modules, we say that / is - 
injective (resp. -surjective) if its kernel (resp. its cockernel) is annihilated by p^ and we say that 
/ is p^-isomorphism if it is p^-injective and p^-surjective. We define in the same way the notion of 
p^-exact sequence or p^-acyclic complex (complex whose cohomology groups are annihilated by p^) as 
well as the notion oip^-quasi-isomorphism (map in the derived category that induces a p^-isomorphism 
on cohomology). 

We will use a shorthand for certain homotopy limits. Namely, if / : C C" is a map in the dg derived 
category of an abelian category, we set 


C —^ C" ] := holim(C' ^ C" ^ 0). 


We also set 



[[^1 ^ 2 ] [ 6*3 C 4 ]], 


where the diagram in the brackets is a commutative diagram in the dg derived category. If this diagram is 
strictly commutative this simply amounts to taking the total complex of the associated double complex. 
In this paper this is the case everywhere but in Section 5. 


2. Formal log-schemes and period rings 

This is a preliminary section introducing all the rings that we are going to use in the next three 
sections. Most of its content consists of variations on standard techniques from the theory of (<p,r)- 
modules [31 Hi [201121311137]. 

2.1. The implicit function theorem. Let A : Ai —>■ A 2 be a continuous morphism of topological rings. 
Let A( = Ki{Z}/{Q), wher^ Z = {Zi ,..., Zg) and Q = (Qi,..., Qg). We would like to extend A to A^; 
this amounts to solving the equation Q^(Y) = 0 in A 2 , where, if F S Ai{Z}, we note S ^ 2 {Z} the 
series obtained by applying A to the coefficients of F. 

Let J = (^^)i<i,j<s G Ms(Ai{Zi,..., Zg}). 

Proposition 2.1. Assume there exists: 

• z G A 2 , 

• an ideal I of A 2 such that z~‘^I C A 2 and A 2 is separated and complete with respect to the z~‘^I-adic 
topology, 

• Zx = (^LA, • ■ •, Zg^x) G A^ and Hx G 2“1M^(A2), 
such that: 

• the entries of Q^{Zx) belong to I, 

• the entries of HxJ^{Zx) — 1 belong to z~^I. 

Then the equation Q^{Y) = 0 has a unique solution in Zx + {z~^lY. 

Proof. Consider / : A^ —>■ (A 2 [ 2 :“^])'* defined by 


f(x) = X- HxQ^{x -G Zx). 


A is a topological ring, and Z = (Zi,... ,Zs), we let A{Z} design the ring of power series where 

^k ^ goes to 0 when k oo. 
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We have /(O) G (z Now, we can write f{x) — f{y) as: 

il-H^j\Z^))ix-y) 

+Hx(^{Q^{y + Zx) - Q\x + Zx) - J\x + Zx){y - x)) + {J^{x + Zx) - J^{Zx)){y - x)) . 

The hypothesis implies that, if x — y G then f(x) — f{y) G z~^I ■ Hence / is contracting 

on {z~^iy and has a unique fixed point in this module. As a; is a fixed point if and only if Q^{x + Zx) = 0, 
this concludes the proof. □ 

Remark 2.2. If A'^ is etale over A, there exists H G Ms(Ai{Zi,... , Zg}) such that HJ—1 has its entries 
in {Qi, ..., Qs), hence if Q^{Zx) has coordinates in an ideal I, then — 1 has entries in I. If A 2 

is separated and complete for the J-adic topology, we can take z = 1 and Hx = H^{Zx) in the above 
proposition, hence the equation Q^{Y) has a unique solution in Zx + 

2.2. Kummer theory. 


2.2.1. Local fields. Let F C AT be as in the introduction, so that AT is a finite, totally ramified extension 
of F. Choose a uniformiser zu of AT, and let be its minimal polynomial over F (hence is an 
Eisenstein polynomial of degree e = [AT : P]). 

Choose a compatible system (Cp")n6N of roots of unity, with = 1, (^p y 1, and (pn = and 

define P„ = P(Cp”), and Poo = U„P„. 

Let i{K) be the largest integer n such that K contains Cp"- If n G N, we set P„ = K{(pn+i(K)), so 
that Kq = K, but K is strictly contained in P„ if n > 1, even if K contains some roots of unity. Set 
Kqq — Uti^nATj^. Let 

Sk = evp{dK/Fi^K) ) ^ 

We say that K contains enough roots of unity if 

Vp{f)K/F,^K)) < ^ ~ [Fuly.F ] Or, equivalently, + [AT : P,(a:)] < ^. 

If we fix P, then K{C^pn) contains enough roots of unity for all n big enough (this is a restatement of the 
fact that Poo/Poo is almost etale). More precisely, by [20l Proposition 4.5], it suffices to take n > c(P) + 2 
(if p = 2, one needs n > c{K) + 3), where c(P) is the conductor of P (i.e. t > c{K) if and only if P is 
fixed by the higher ramification subgroup G*p of Gf = Gal(P/P)). 


2.2.2. Formal log-schemes. Let h G [l,e] be an integer (this h is the multiplicity that appears when we 
base change a semi-stable scheme over ^k', with P' C P, to ^k', hence it is < e in applications, although 
almost everywhere it could as well be arbitrary). 

Let a, b, c be integers and d = a + b c. Set X = (Pi,..., Xd) and define 


Ra = ^k{X, ■ 


1 


w 


-} 


Xi---xy Xa+l---Xa+b' 

= ^k{X, Xd+1, Xd+2}/(Xd+2Xi • • • P, - 1, Pd+lPa+1 • • • Xa+b - ZU^)- 


We endow Rjj with the spectral norm. 

Let R be the p-adic completion of an etale algebra over Rq , so that Rq provides a system of coordinates 
for R (or Spf Pq a frame for SpfP). We equip the associated formal schemes with the log-structure 
induced by the divisor at infinity: Xa+b+i • • • Xd = 0 and the special fiber. We obtain that way formal 
log-schemes that are log-smooth over (in fact, both schemes have semistable reduction over ^k)- 
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2.2.3. Adding an arithmetic variable. To compute the syntomic cohomology of R, we need to write it as 
a quotient of a log-smooth algebra over (it is already log-smooth over The cheapest way to do 

so is to add an extra variable. 

We denote by and r^ the algebras ^f[[-^o]] and with the log-structure associated 

to Xq. Sending Xq to vj induces a surjective morphism rj —?> 

Let X' = {Xo,X) and let ^ be the completion of ffpiX', x^^-x ’ x +;, ] (p,Xo)-adic 

topology. We add Xq to the log-structure induced from Sending Xq to zu induces a surjective 
morphism ^ —>• Rfj whose kernel is generated by P = Pct(Xo). This provides a closed embedding of 

Spf R\j into a formal log-scheme Spf ^ that is log-smooth over 
We can write R as 

R = Ra{Zi,..., Zt}/{Qi,... ,Qt), 

with det(|^) invertible in R. Choose liftings Qj of the Qj’s in |^, and let P+ be the quotient of the 
completion of R^ □[^i, ■ ■ ■, Zt] for the (p,P)-adic topology (which is also the (p, Xo)-adic topology) by 
(Qi,..., Qt). We equip it with the log-structure induced from p. We have that det(|^) is invertible 
in P+ (since it is modulo P). Hence P+ is etale over ^ and log-smooth over ffp. 

Sending Xq to vj induces a surjective morphism P+ —>■ R, whose kernel is generated by P = Pro(Xo). 


2.2.4. Divided powers and localizations on smaller balls or annuli. We let R^ be the p-adic completion 
of P+[^, k € N]. As P = Xg modulo p, we have fc e N] = k S N]. We equip 

P™ with the log-structure induced from P+ and Xq. We have defined the following diagram of formal 
log-schemes. 


(2.3) 


SpfpPD 



Spf pc-^ Spf Pi 

Spf PqC -^ Spf Pi ^ 

Spf -- Spf r+ 

Spf 


Crystalline cohomology, hence syntomic cohomology, is defined by means of P^P, but we will show that, 
up to absolute constants depending only on m, u, r, we can replace P™ by the rings P^^ or below. 

So, if 0 < u < V, lelll 

• be the p-adic completion of ^ , i G N], and R^'^^ = 

• Pro be the p-adic completion of Pi[^i^^, i G N], 

• Pro’"^ be the p-adic completion of Pro[ p [ We |; xi ^ i * G N], 

• Pro be the p-adic completion of Pi[^]. 


®We will need with u,v satisfying a number of inequalities: <u<^<l<u< pvp and (l -|- 

For p > 3, we can take u = and v = p — 1. For p = 2, we can take u = ^ and v = ^. 
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We have C if m < | and i?™ C if u > If ^ < m < then there exists a constant 
C{u) such that C . 

We note the spectral valuations on r!^''’\ and respectively. 


Remark 2.4. Denote by the ring corresponding to i? = ^k- One can describe the rings 

^^eco g^g j.jggg Qf Laurent series with coefficients satisfying growth conditions. Namely: 

• r™ is the set of / = EieN Ui € ffp going to 0 when i ^ oo. 

• rro is the set of / = Eipn with G ffp going to 0 when i —>• oo. It is the ring of analytic 

pt e -I 

functions over F with integral values on the disk Up(Xo) >ule. 

• is the set of / = with ai G F and Vp{ai) > {—iv)/e if i < 0 and Vp{ai) > {—iu)le 

if i > 0, and with the differences going to +oo with i —> ±c». It is the ring of analytic functions over F 
with integral values on the annulus ^ < Vp{Xq) < 

We have C and the quotient involves only negative powers of Xq. 

• is the set of / = “Ao, with ai G ffp and Vp{ai) > {—iv)/e if i < 0, the differences going 

to +00 with i —> —oo. It is the ring of analytic functions over F with integral values on the annulus 
0 < t-p(Xo) < f. 

• rro is the set of / = Eiez ^*^01 with Oi G and Oi 0 when i — 00 . 


Note that going from i?+ to R^, R^^\ or R^ involves only the “arithmetic” variable Xq (going 

from i?+ to (resp. amounts to localization of Xq on the disk Vp{Xo) > ^ (resp. on the annulus 

f > r'p(Xo) > 7 ). This can be translated into the following isomorphisms: 






, R+ — Ju,v]: 

ri ^ 5 ^TU ' V3 ^ 


Ai, 


where the ® is the tensor product completed for the p-adic topology. 


Remark 2.5. If A is a topological ring, and AT = N, Z, let £o(Ai, A) denote the space of sequences 
{xn)nex of elements of A such that > 0 when n ^ 00 . 

It is plain from the definitions that: 

• (a:„)„eN E„eN ^nX^^ induces a surjection 4 (N, i?+) -5> R^, 

• (a;„)„ 6 N A"” induces a surjection 4(N, R+) 

• (a;„)„ 6 z induces a surjection 4(Z, i?+) ^ 

If A^ > I and u < v < the same is true with r+ replaced by R+llAr]]- 

iv Aq 

Now, let A : i?+ -RidAvl] be a continuous morphism such that is a unit in i?+[[Av]], with 

Aq Aq Aq 

A > 1. The above descriptions of allow to extend A by continuity to morphisms R^ —>■ R^ and 


2.2.5. Filtration. We filter all the above rings S by order of vanishing at Xq = w. 

• If P is invertible in ^[i] (this is the case if S' = or S = and v < I, or if S = and 

1 ^ [u,v], or if S = Pro), put the trivial filtration on S (i.e. F^S = S for all r). 

• If P is not invertible in S[b] (i.e. in all the cases that are not listed above), we have a natural 
embedding S —>■ P[b][[P]] = P[b][[Xo — w]] by completing S[b] for the P-adic topology (the completion 
of i^F[Xo, b] for the P-adic topology is the complete discrete valuation ring P[[P]], and P or Xq — w are 
uniformizers). We use this embedding to endow S with the natural filtration of P[[P]] (by powers of P 
or, equivalently, Xq — zu). 
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Remark 2.6. An element / G (resp. / G rl^^) can be written (uniquely) in the form f = + f~ 

with /+ G and f~ of degree < re - 1 (this implies /“ G resp. f~ G 

It follows that we can write any / G i?™ as /i + /2 with /i G and /2 G and we have 

the same statement for / G i?ro , with /i G F’’i?ro and /2 G 

2.2.6. Frobenius. A Frobenius </? on is a ring homomorphism lifting a; on /p (in particular, 

Lp restricts to the absolute Frobenius on ffp)- We say that p is admissible if: 

• (p{r^) C r^, 

• there exist uq > 1 such that C , and — l) > inf(-^,i), if 

0 < j < d. 

(The second condition ensures that ip{x) — has divided powers if p 7 ^ 2. If p = 2, it ensures that it 
has higher divided powers: ^ is defined.) If p is admissible then, for all v < vg (vq as above), we 

have p(i?ro’"^~'') C and p extends by continuity to R^^’'"\ for all 0 < u < u < vq. Moreover, the 

above minoration is valid with replaced by or accordingly. 

We are going to use two admissible Frobenii: pKum and Pcyci- The two maps pKum and Pcyci are very 
similar (they differ only on the arithmetic variable). The advantage of pKum is that it is already defined 
on i?+ (which is not the case of Pcyci) and can be used to compute crystalline and syntomic cohomology. 
The reason for considering pcyci is that it is the Frobenius coming from the theory of (p, r)-modules 
and it is closely related to etale cohomology (see Proposition 14.131) , through the works of Herr [32] (in 
dimension 0), Andreatta-Iovita |4] (in the case of good reduction and without divisor at infinity), and 
Kedlaya-Liu [37] (for the general case). It is not inconceivable that one could use Breuil-Kisin modules [39] 
or Caruso’s (p, r)-modules [15] instead of (p, r)-modules (and hence pKum instead of Pcyci) to compute 
etale cohomology. 

2.2.7. The Frobenius (pKum and its left inverse f/'Kum- We define pKum on ^ by PKum(Ai) = Xf if 

0 < i < d. As i?+ is etale over p, pKum extends, uniquely, to i?+ (use Remark [T2l with Ai = g, 
A'l = A 2 = i?+, A = pKum, I = (p) and Za = Zp). Finally, if 5 = PKum extends, by 

continuity, to ring endomorphisms of S, and to ring morphisms —>■ S^'^''^/p\ 

If 0 < j < d, set 

^um j = Xj . 

These are well defined on p, hence also on R+ by etaleness. We extend them by the obvious rule on 
and by linearity and continuity to R^^°, for deco G { ,PD, [u], (0,u]+, [u,u]}. The resulting 
operators commute pairwise. 

If a = (oo,... ,ad) G {0,... ,p - set 

tAKum,a — ^0 -^d ' 

We have 

^Kumj'^Kum,a — '^Kum,a and (f ^ (nKuin,a) — ^Kum,a* 

Lemma 2.7. (i) Any x € Rzu/p can be written uniquely as x = ^K;um,a(x), with 5KumjCKum,Q(^) = 

CKum,a (^) ? 'If ^ ^ j ^ d. 

(ii) There exists a unique x^ £ R-cdIp such that CKum,Q(^) = 3C^UKum,a- 

(hi) IfxG Rtj/p, then CKum.a(a:) G i?i/p, x^ G X~'^~^R+/p, and Xa G R^/p, if at = 0 for i ^ 0; in 
particular, Xg G Ri^/p- 
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Proof. Let S = 5'+ = Rt^/p, and dj = ^Kumj', for 0 < j < d. 

If 0 < j < d, then dj(dj — 1) • • • {dj — {p— 1)) is identically 0 on i?ro.n/p, hence also on S by etaleness. 

It follows that dj is diagonalizable for all j and, since these operators commute pairwise, that we can 
decompose S and S'^ into the direct sum of common eigenspaces. This proves (i) as well as the the fact 
that CKum,c((a;) G S’’*' if a; G S~^. 

Now, Xq,. .., Xd is a basis of the module of differentials of R^^jp, hence also of S', since S is obtained 
as the completion of an etale algebra over R^^jp. It follows from [55] that Xg,..., Xd is a p-basis of S 
which can be rephrased by saying that any element x of S can be written uniquely as x = ^a'^Kum,a- 
Since dj(xPuKum,a) = cnjxPuKum.a, this proves (ii). 

Finally, (Xq ■ ■ ■ XdXa)^ = Xq~°‘° ■ ■ ■ X^~“'^CKum,a(a;) £ S^, hence Xg ■ • ■ XdXa £ S+ (because S+ is 
integrally closed), which implies • ■ ■ XdXa £ S~^. But Xa & S = S'''[X[)"^] and Xg is not a 

zero divisor in S~^/{Xa+b+k), if 1 < k < d — a — b; hence Xa £ Xq^~^S~^, as wanted. 

In the case Oi = 0 if j yf 0, we get (XgXa)^ = XQ““”cKum,a(a;) £ S^, hence XgXa £ S+. But (Xga;^)^ 
is actually divisible par Xg, since og < p — 1, hence X^Xa £ XgS’*' and Xa £ S^. □ 

Corollary 2.8. (i) Any x £ R^^ can be written uniquely as V^Kum(;ro,)rtKum,c(: with Xa £ 

(ii) If X & R+, then Xq £ Ri and, if CKum,a{x) = (pKum{xa)uKum,a, then CKum,a{x) £ for all a 
and 

^Kum,j CKum,a (^) CIj CKum,a (^) £ pR-coi If h — j ^ d. 

We define ^fKu^^ on and i?+ by the formula: 

'0Kum(^r) = PJ^^JJJ(cKum,o(2:))■ 

A more conceptual dehnition of i/^Kum is as follows: i?+[X^^] is an extension of degree p'^''"^ of pKum(d?i[Xfj'^]), 
with basis the ItKum.a’s. and since PKum(MKum,a) = MKum.a’ 

^/'Kum(a:) = p"(^+^VKim(Trs/c^Kum(S)(a;))- 

Note that i/'Kum is not a ring morphism; it is a left inverse to pKum and, more generally, we have 
V'Kum(pKum(a;)p) = xi^Kumiu)■ We have 

dKum.i O PKum — P PKum O r^Kum,! r^Kum,! O V^Kum — P V^Kum O tlKum.z if t = 0, 1, . . . , d 

The above explicit formula for i/'Kum extends, by continuity, to and to maps —>■ r}^^\ 

(surjective in all cases since '0Kum ° PKum = id). The maps x i—>■ CKum,a(a^) also extend 
and lead to decompositions S = 0a5'a, for S = with deco £ { ,+, [u], (0, ■!;]+, [u, r;]}. Since 

V'Kum(a;) = PKim(cKum,o(a;)), we have 

5dKu„,=0 ^ 

Lemma 2.9. If S = and deco £ { ,+, [u], (0,r]+, [m, ii]}, then clKum.^ = oij on S'^/pS'^J®™. 

Proof. If deco £ { ,+}, this is part of Corollary 12.81 If deco £ {[it], (0, i;]+, [m, i;]}, elements of 5"^®™ 
are those of the form X^fcez where Ofe £ S'^ goes to 0 when k ^ oo and rk is determined 

by “deco”. Now, if a; = J^kezP '^'"then CKum,a{x) = I]feGzP’'‘'^oCKum,(ao-fe,ai,...,ad)(afe), where 
Og — A: is to be understood as its representative modulo p between 0 and p — 1. So, if a; £ Sq,, we can 
assume that Uk £ S^ao-k ai ad)’ ^ direct computation, using the result for S~^, shows then 

that cdKumj (Xgafc) — ajX^ak £ pS^, which allows to conclude. □ 

2.3. Cyclotomic theory. Suppose that K contains enough roots of unity throughout this subsection. 
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2.3.1. The cyclotomic variable T. Let 

i = i{K), eo = [F, :F] = (p-iyW-i, f = [K : F,] =and C = Cp.- 

As C “ 1 is a uniformiser of Fi, we can find polynomials Aq, ..., Ay_i G ^fIT] with VT^Ai) > 1 and 
z;t(Ao) = 1, such that, if 

Q(Xo, T) = Xl + Af.i{T)xt^ + • • • + Ao(T), 

then Q{Xq, C ~ 1) is the minimal polynomial of w over Fi (of course the Ai are not uniquely determined 
by these requirements). 

Let T G be the solution of Q{Xq, T) = 0. Since Aq = aT + • ■ •, with a a unit in ffp, and vriAi) > 1 
if j > 1, one gets (by successive approximations) that T = —a~^XQ Faf+iX^^^ + ■ ■ ■ G r+. In particular, 
Xq^T is a unit in r+. We have 

r+ = ^E[[r,Xo]]/Q(Xo,T) = 

and is an etale extension of i^i?[[T]]{T“^}. This is a consequence of the following, more precise, 
lemma. 

Lemma 2.10. Let Q'{Xo,T) = -§^{Xo,T). 

(i) There exists U G ffpiXo] which is a unit in ^f[[-Ao]], V, IT G ^f[To,T], such that Q'{Xo,T) = 
X^o’^U +pV + Q{Xo,T)W. 

(ii) The image A of Q'{Xo,T) in r+ is invertible in and is a unit in ^f[[To, —tj-]]- 

Proof. We have Vp(j)x/Fi) = ’^piQ'i'cc’,C ~ !))• Now, since Up(i)x/Fi) < 1 by assumption, we have 

Sk = eVp{Q'{w,C - ^)) = inf {fvriAk) + {k - 1)) = vxo{Q' iXo,T)), 

{k,p) = l 

where is the reduction modulo p. Hence Q'{Xq , T) is an element of r+ congruent to mod {p, Xq^~^^, 

where a is a unit in The lemma follows. □ 


2.3.2. Filtration. The morphism —>■ ffx sends T to f — 1. Hence the subring i^FilT]] of r+ can be 

thought of as and ^f[[T]]{T~^} as r^_i. In particular, the filtrations on r+ and its siblings 
etc. are also given by the order of vanishing at T = ^ — 1, which means that we can use 

(i + r)p^-i 
0 (I + T)P'-" - 1 

instead of P to define the filtrations. 


Set t = pMog(l + r). 


Lemma 2.11. If <m<-<1<u - < u, then: 

(i) t belongs to pr^m'’^ and to pr'^m'"^^\ 

(ii) X i-A Px induces a p^-isomorphism ~ F'^r^’^^ and a p^^ -isomorphism 


— ' ZJ 


Proof. For (i), we start from t = ^ — P_j'k^ have to estimate infsg[„/e,w/e] inffe>i(i + ks — 

Vp{k)). The minimum is reached for s = u/e and k = p*, and is > 1, which means that each of the 
terms of the series belongs to pr^!^’'’^ (and, a fortiori, to 

For (ii), we first check that / = (does not vanish on ^ < Vp{T) < ^ and t does 
not vanish on ^ < Vp(T) < ^ (this is ensured by the inequalities put on u and v, as the valuations of 
zeroes of t are of the form p^I for fc G Z, fc < i — 1, or +oo). This implies that / is a unit in 


^This is an additional condition only for p = 2. 
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and t is a unit in To conclude we need to show that f~^ G and t~^ G 

Equivalently, we need to check that, if s G [M/e,u/e] (resp. s G [u/e,u/pe]), inf„p( 7 ’)=s Up(/(r)“^) > —1 
(resp. infi,p( 7 ’)^s Vp{t~^) > —2). By additivity of the valuation on a circle, this amounts to checking that 
inf„p(r)=si'p(/(T)) < 1 (resp. mi^^(^T)=sVpit) > 2). 

• For t on s G [u/e,z;/pe], we have to estimate maxsg[.^,/g „/pe] inffe>i(i + ks — Vp{k)). The maximum 

is reached for s = ^ and, taking k = p^, we see that it is < ^ < < 2. 

• For / on s G [u/e, u/e], we use the formula / = ((! + T)p'~^ - 1) n„>i+i ■ Again the 

maximum of inf„p(-7')^s Vp{f{T)) is obtained for s = ^ and, since 1 > p > pi have 


tap" _ 1 

inf Vpi— - . --) = 0 , if n > i + 1 

vAT)-s ^^p{{i + T)p-^-ly 

(the constant term, i.e. 1 , has the minimum valuation because ^ > i), and (because ^ < 1 ) 


inf 1 

Vp(T)=s 


,{{1 + T)P''" -1) <f-h< 


p-1 


< 1 . 


This allows to conclude. 


□ 


2.3.3. Extension of morphisms. Let R^_i □ = ff... ,Xd}. We have 

K,n = Xd+i, Xd+2}/(Q(Xo, T),Xd+iXa+i ■ • • X^+b - X^ Xa+2Xi ■ • • - l). 

Let ^ be the monoid generated by Xg, Xi ,..., Xd+ 2 , and le 10 (5_r = [, so that 

JSr — Sk >0 and Sr + 1 < ^ — ^{p — since K has enough roots of unity. 

Proposition 2 . 12 . Let: 

• A : R^_i Q —)• A, o continuous ring morphism, such that A(T)^‘^^ divides p and A is separated and 
complete for the (^j^^^)-adic topology. 

• f3 : —)■ A, o morphism of monoids, with (d{Xi) = UiX{Xi), if 1 < i < d, P{Xo)f = X{T)u, where 

Ui, u G A*, 

• /r G r^_]^ such that S A and is topologically nilpotent in A. 

Suppose that: 

• A(/r) divides Q{p{Xo), X{T)), 

• There exists an ideal J of A, containing such that A is separated and complete for the 

J-adic topology, and such that X : R^_i □ —?> A/J extends to Xn, : —>■ A/ J, with A^ = ft on . 

Then X admits a unique extension to R^, lifting A^, with A(Xo) G P{Xq) + y^^A. 

Proof. We will proceed in three steps, extending (uniquely) A first from to r+ (this boils down to 
defining A(Xo)), then from r+{Xi,..., X^} to p, and finally from ^ to i?+. 

For the first step, we use Proposition 12.11 with: 

• Ai = r^_^, A[ = r+ (and J = Q'{Xq,T)), A 2 = A, 

• z = X{Tf^, Za = ;9(Xo), Hx = J^(Za)-i = Q'(/3(Xo), A(r))-i, and I = {X{p)). 

(We have Q^{Z\) = Q{f]{Xo), X(T)) G / by assumption, and H\J^{Z\) — 1 = 0, so the requirements of 
that proposition are satisfied provided we show that H\ G z“^A. But Hx = Q'(/3(-Ao), A(r))“^ and there 


^One could consider setting Sr = if 6 = 0 and Sr = [“^1 + 1 if 6 7 ^ 0 in order to differentiate between good and 


semi-stable reduction. Such a distinction would only be useful when K is unramified, so we will not bother. 
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exists a unit U of ^f[[-^o]] and V,W € ffF^XQ,T\\ such that Q'{Xq,T) = Xg’^U + pV + Q{Xo,T)W 
iLeinnia l2.10l) . Hence, setting a = p{Xo)fSR-SK ySR g Qj^g gg^jj write zH\ as 

zH^ = a(u{P{Xo)) + a{j^V{P{Xo),\{T)) + A(T))))”\ 

and the expression in the big parenthesis is indeed a unit in A since U{/3{Xo)) is, and and 

are divisible by and which are assumed to be topologically nilpotent in A.) In 

particular, A(Xo) S /3(Xo) + j^^A. 

For the second step, we must (and can) extend A by setting: 

A(Xd+i) = (^)\ua+l ■ ■ • Ua+f,r^/3(X^+i), A(X,+2) = (ui ■ ■ ■ u„)-i/3(Xd+2) • 

(Note that P{Xo) divides A(T) by assumption, hence S 1 + A C A makes sense.) 

For the third step, we use Remark [2.21 with Ai = A'^ = i?+, A 2 = A, Z\ = {Z\^i,..., Zx^t) 

where Zx^i is an arbitrary lift of Aro(^i), and I = J. 

□ 


2.3.4. The Frobenius ipcycX- We endow R^_i □ with the Frobenius Pcyci sending T to (1 +Ty — 1 and Xi 
to Xf, if 1 < i < d. Then 93cyci(a^) — € pR^_i □, if a: € R^_i Let 


^R = ^=2^ and = RUt^]] = Rtiij^]], = Rtii^]] = Rtii^]]- 


Note that w/j > 1, by assumption. 


Proposition 2.13. :pcyci admits a unique extension to R^ such that 

p,y,i{Xo) - XI e and p,y,,{x) - x^ & -^R<fi^-R)^ ifx&Rt- 

Proof. This is a direct consequence of Proposition 12.121 applied to A = A = :pcyci, P(.x) = x^, 

p = p and Aro(a:) = x^, J = { j,p(i+sii) ), taking into account that is a unit in A. (We 

have Q{Xq, (1 + T)p — 1) = Q(Aio, Ty = 0 mod p, hence p divides Q{fi{Xo), A(T)), which shows that the 
assumptions of Proposition 12.121 are indeed fullfilled.) □ 

Now, is a unit in Hence we can use Remark |2.51 to extend v^cyci to morphisms (still 

noted i^cyci) Rt^ —t Rt 77 , and —>■ ii u < v < vr. This Frobenius is 

admissible. 

Lemma 2.14. If v < pvR, and if x € R^ is such that Pcyc\{x) € , then x G 

Proof. Write p for v^cyci- We have = X]n>o [L/„] Rt^- Now, if p{x) G , this implies, in 

- ^0 

particular, that the image T of x in R^^/p is such that If G R'^/p\ hence x G Ri^/p- This means that we 
can find ag G R^ such that x—ag G pR^u- But, p(ao) G thanks to the assumption v < pvR, which 

means that p{x—ao) G X]n>i |ne/p ] Rt,- It follows that, if we write x = ooH —[ e^ i +i xi, the image of p{xi) 

- ^0 ^0 

in R^jp belongs to XgR^/p (since p([e/u] + l) — [pa/v] > 1), hence the image of Xi belongs to XgR^/p, 
and we can find ai G R^ such that xi — Xgai G But then p(^x — ag -[TT^jai) G X]n >2 — i ne/v] R^, 

2 

and we can iterate the process, writing x = ag-I - iTpujai H- pf/^i+i X 2 , and deducing that X 2 = Xga 2 +py, 

with 02 G and y G Going to the limit, we find x = — [ne/„] , with a„ G i?^, for all n, 

which concludes the proof. □ 
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2.3.5. The operator ipcyci- Let 

Mcycl.a = (1 + ^ if a e {0, 1, ... 

Proposition 2.15. (i) Any x € can be written uniquely x = ^cyci,a(^); 'with Ccyci,a{x) € 

q^cycliR TU )'^cycl,a • 

(ii) If V < VR, and x € then Xcyc\,a S , for all a. 

Before turning to the proof of this proposition, let us draw some consequences. We define the left 
inverse V’cyci of ipcyci-^ on by the formula 

'4’cyc\{x) = V^cycl(*'cycl,o(2^))- 

Since </5cyci(ucyci,a) = M^yci,^ foi' all a, we have (ucyd.a) = 0 if a y 0, and we can define 

Ipcych intrinsically, by the formula 

f’cycl = P ^ Vcycl ° "^''fl^Tc/VcycllRTc)- 


Proposition 2.16. If v < pvR, then: 

(i) i/icyci(r-p"i?L°’"/p'+) C 

(ii) If £r = then is stable by i/'cyd- 

(iii) If V < p, the natural map ©o!yio<i5cyd(-Rro’’^^~'')Mcyd,a is a -isomorphism. 


Proof, (i) follows from (ii) of Proposition ing taking into account that tp{ip{T)' ^x) = T ^ip{x), that 
is a unit in , and that divides (ii) is a direct consequence of (i) and the inclusion 


I p{aa)i 


Finally, if a; G (1?^’"^^'''')’^°^°'“°, we can write, using Proposition 12.151 x = ' 

p{aa)ua G . But Ua divides Ili=a+b+i hence p{ao 

(See the proof of Lemma [2.71 for a similar argument.) This implies, thanks to Lemma [2.141 that Oa G 
. This proves (iii) since divides in as h < e, i5if + 1 < -, and 


with 


^ Y-p{h+l+SK) n(0.«/p] + 
t -Aq -rttXT 


V < p. 


□ 


We let 


d d 

t^cycl.o “(It '^^'dT t^cydji = X^ , 


if 1 < i < d. 


Then we have 


^cyd ,2 ^cyd,j — ^cyd,_? ^cyd,i and ^cyd,z ^ Tcycl — P 9^cyd ^cyd,d 

^cyd,2 l/’cyd “ P f^cycl 'l^cyd,jj if i, J = 0, 1, . . . , d. 

Lemma 2.17. If v < 2pvR, then i9cyd,o-^o G X^^^^r^''’^'^ and ul°’'"l(9o-^o) > “1- 

Proof. Write do for 9cyd,o- As Q{Xo,T) = Oj we have -^^{Xo,T)9oXo + ^{Xo,T)doT = 0 , hence 

doXo = -(l + T)(^(Xo,T))-'||(Xo,r). 


Since ^(Xo,T) G r+, the result follows from Lemma [2. 101 


□ 
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2.3.6. Proof of Provosition \2.15[ Write (p for (pcyc\ in all that follows. We will first prove the existence 
of a decomposition x = Proposition 12.151 but with Xa G p>{Rvj)uKum,a, and then use the 

relationship lLemma l2.22|) between the UKum.a’s and the Ucyc\,a’s to conclude. 

Let I = {a+1,... ,a + b,d+l}, so that OiG/ ~ ^o- If * G /, let ^ ■, R'^ be the rings obtained 
by localizing on the polycircle where Xj is a unit it j G I — {i} (hence Xi is Xq times a unit). Concretely, 
if 5 = then 5, = S{Y}/{1 - Y Ojez-t*} ^^)■ Then R^^^ is etale over R^^^ap’ and is 

smooth over ffp (the equation Hie/ ~ becomes Xi = YXq, which allows to remove Xi from the 
variables and the associated space is just a product of closed circles of radius 1 and unit balls). 

From j we can construct rings by the same process we used to construct from ii+. Note 

that ip extends naturally to R-^p, and induces morphisms ^ and -G- if 

V < Vr. 


Lemma 2.18. If x G R^^, the following conditions are equivalent: 

(i) a; G 

(ii) x G for all i G I. 

Proof. There is only the implication (ii)^(i) to prove. Let us first show that the divisibility of x by Xq 
in j/p for all z G / implies its divisibility in R'^/p. Geometrically, this is equivalent to LiiZi Zariski 
dense in Z, where Zi = Spec(i?^ j/(p, Xq)) and Z = Spec(i?+/(p, Xq)). The same statement for 
instead of R^^ is immediate as each irreducible component of Zq contains exactly one of the Zu fs (with 
obvious notations), as a Zariski open subset. The statement for follows by etaleness of Z ^ Zfj {Zi 
is the inverse image of in Z). Since i?ro/p = {R^/p)[Xq"^], one infers from the above statement that 
if a: G i?ro/p is such that x G i/p for all i G I, then x G Rtip- 

Choose a section s : R^j/p Rtj of the reduction modulo p such that s(0) = 0 and s(Xoa;) = Xos{x) 
so that s is continuous. If a; G R^^ belongs to for all z, then its image oq in belongs to 

Ri^ i/p, for all z, and hence oq G Rt,/p- Now, by definition of if M = 2pfSR, the image ai of 

—^{x — s(ao)) in R^/p belongs to -/p for all z, hence Oi G R'^/p- One can iterate, and get that the 
image 02 of °2 {x — s(ao) — ^^s(ai)) belongs to ^/p for all z, hence 02 G Rfj/p- This process gives 
us a sequence (a„)neN of elements of Rff^/p, such that x = s{an) J’nM ■ This concludes the proof. □ 

Lemma 2.19. Let S = Xt^^^tRzoP, o-nd let {uj)j^j be a family of elements of S~^ such that: 

• any x G S/p can be written, uniqueley, x = 'Y/j c.j{xYuj, with Cj{x) G S, for all j G J , 

• there exists N < 2fSR such that, if x G /p, then Cj{x) G X/f^S~^/p, for all j. 

Then any x G S can be written, uniquely, x = p{cj{x)) uj, with Cj{x) G S, and if x G then 

Cj{x) G for all j. 

Proof. The cj (x) ’s are obtained by the following algorithm: 

• Choose a section s : S'^/p -G 5+ of the reduction y ^ y modulo p, such that s{X[)y) = X^y, and 
extend s to S/p using this functional equation. 

• Define / : [X“^] -)> by f{y) = ^{y-Y/j T{s{cj{y)))uj) (that / exists rests upon 

the fact that ^(5''*') C and the observation that f{p{Xo)~^y) = p{Xo)~^f{y) thanks to the 

functional equation s{Xoy) = Xos{y)). 

• Set xo = X and let Xn+i = f{xn), if zz > 0, so that x = p"+^a;„+i + Yj Y7=oP’'^(^ji'^))) “i- 

An easy induction, using the fact that N < 2fSR, shows that Xn G and s(cj(xn)) G 

X-^-2nfSRs(o,pvR) ^ Hence Cj(x) = Yi>oP^^(''A^)) ^ The result follows. □ 

If z G /, let 

A, = {P = (/3o,..., Pa+i) G {0,1,... ,p - = 0}. 
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If ^ let ^0 * * ' ^d+1 ' that y^d+l,f3 ^Kum,(/3Q,...,/3rf)- 

Lemma 2.20. Let i G I. 

(i) An element x of can he written uniquely x = E/3e.4i ^h/3 ^ P- 

(ii) If X G then Xi^p G for all j3. 

Proof. If S' = Q ^/p, the Hj’s, for j i, form a basis of fig. By etaleness, this is also the case if S = 
^jp. Hence, according to [66], the Ui^p's, for /3 G Ai, form a basis of S over p{S), if S = ^fp and, 
as a consequence, if S = Rrn,i/p- It follows that we can use Lemma [2. 191 fwith iV = 0) to conclude. □ 

If S Ad+i, let a = (/3o, ■ • ■, Pd) be the corresponding element of {0,... ,p—and set Xq = Xd,+i,p, 
so that the decomposition x = 'Yhp^Ad+i ^d+i,p becomes simply x = ^a- 

Lemma 2.21. (i) If x G Rt^, then Xa G p{Rt^) UKum.a- 

(ii) If V < vn, and if x G then Xa S for all a. 


Proof, (i) is a direct consequence of the analogous statement modulo p iLemma 12.71 we have p{x) = x^ 
modulo p). To prove (ii), an adaptation of Remark l2.5l shows that it is enough to prove the same statement 

for write an element of as E»gN x„ G and dn —t +oo, and 

use the result for 

According to Lemma 12.181 it is enough to show that Xq, G for all i G I. For this purpose it is 

enough, considering Lemma 12.211 to show that Xa is a linear combination of the Xi^p’s, with coefficients 
in and we will in fact exhibit such a combination with coefficients in r^’^^K 

First, let us decompose elements of r^’^^P If A' G Z, if x G X^r^''"^\ and if A = pq + r, with 

0 < r < p — 1, one can write x, modulo as J2n with a„ G ffp. Hence, 

there exist xat+i G XQ~^^r^’'"^\ and un G such that x = X^p^X^on) + xn+i. Iterating this 

process, one can write x as JPpg^r>N,o<r<p-i ^oPi^o^-pg+r), with Opg+r G Setting Cr(x) = 

J2pq+r>N ^oP(^o^pq+r)^ we obtain a decomposition 


p-i 


x = '^Cr{x), with Cr{x) G Aop(r^) n 


r—0 


In particular, if A G N, we can write X^ = with CN,r G r^’'’^\ in such a way that 

X^CN,r G Xf^p(r^), for all r. 

Next, notice that m^p = • • • Af“Af;+'"^"+" • • • Af;+^Y '''^d"■ This im¬ 

plies that 


i^i.P )q 


C/3Q-t-/5,i4.i ^,ao^q/5 7 if(ckl,...,Oc;) — (/3i, . . . , /5a, /5a+l Pd+ 1 7 • ■ • 5 Pa+b Pd+1 ; Pa+b+1 ; ■ • ■ 5 Pd) modulo 

0, otherwise. 


Summing over (3 G Ai gives the desired expression of Xq as a combination of the Xi^p’s. 


□ 


Lemma 2.22. If k >0, there exists aup G T such that Xq = pi^kp) (1 + Tf. 

Proof. Let us denote by Tr the trace from to r^_i. If 0 < j < / — 1, let /j = Xq. The /j’s are a 
basis of Xt^Ip over rQ-\lp\ let {gj)o<j<f-i be the dual basis for the bilinear form Tr(xp). Now, if A is 
as in Lemma [2.101 we have Tr(A“^AQ) = 0if0<j </ — 2 and Tr(A“^Ag~^) = 1. It follows that 
gj = A~^Rj, where Rj G A:[Ao] is unitary, of degree / — 1 — j; in particular, gj G X^f^^r^jp. 

Now the /J’s are also a basis of r.^lp over rc^-xjp and the pj’s are the dual basis. So, if x G r^jp, 
we have x = Xj=o Tr(p^x)/J. But g^x G AJ"^'^^r+/p C XQ^^T~P^^r^/p (we could improve this 
to Xq^’^T It follows that if x G r^fp, then Tr(p^x) G T~P^^r'^_^/p. Hence one can write 
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Tr(g^a;) as T “i.i ^ K follows that x = ELo^(1 + TYci{xY, with 

c^x) = r-^« X;i=d € T-^^r+lp. 

The result follows from Lemma [2.191 with S = r^, N = /<5h, and taking the (1 + r)*’s as the Uj’s. □ 
From this lemma, we get the relation: 

p-i 

^Kum,a — ^ ^ PiS^OiQ ,i) '^cycl^Pi 5 with Yi — (Yt ^ ^d) • 

1=0 

This implies that Ccyci,c((a;) = XLo‘/^(®i.“o)2^(i,o!i,...,ad)’ makes it possible to use Lemmas 12.211 
and 12.221 to finish the proof of Proposition 12.151 

2.4. Period rings, let R be the “maximal extension of R unramified outside Xa+b+i ■ ■ ■ Xd = 0 in 
characteristic 0 (i.e. after inverting p)”. Let Gr = Gal(i?/i?). Define Vp on ii[i] to be the spectral 
valuation. 


2.4.1. p-adic Hodge theory rings. If S' = K,R\^, denote by C(S) the completion of S for Up, and let 
C+(S) be the sub-ring of x's with Vp{x) > 0. C(S) is a perfectoid algebra. Denote by Eg its tilt and set 
Ag = IF(Eg). We can describe Eg as the set of sequences (x„)„gN, with Xn S C(S) and for 

all n € N. If X e C(S), denote by x^ any element (x„)„gN of Eg with xq = x. 

The inclusion K C induce inclusions 

KgR[^], E^cEjj, A^cA^r. 

Define xe on Eg by 'CE(a:) = Vp{x^), x® := xq. This is a valuation on Eg for which it is complete. 

Let Ei be the subring of Eg of x’s such that we(x) > 0, and let A± = VF(Ei). So Ei is the tilt of 
C+(S) and, as a ring, it is the projective limit (over N) of C+(S)/a for the transition maps x i—>■ x^, 
where a is the ideal {x, Vp{x) > i} (we could have replaced ^ by any number in ]0,1]). The inclusion 
C R induce inclusions 

A+CA+. 

Let 

e = (l,Cp,Cp=,---) eE+, 7r=[e]-lGA+ and ^ ■ 

Any element x of A-g (resp. Ai) can be written uniquely as 

X = ^p''[Xfc], 
fceN 

with Xfc G Eg (resp. E±). Then 0 : A± C+(S') defined by 0(EfceNP^[2^fc]) = is a 

surjective ring homomorphism whose kernel is principal, generated by p — [p^] (or by Pt^{['oY]) or ^). We 
extend 0, by Qp-linearity, to 0 : —)• C(S'), and we define Bjj^(S') to be the completion of 

with respect to the ideal (p — [p*']). We filter BjJj^(S') by the powers of the ideal (p — [p'’]), i.e. we set 

F*BdR(^) = (p-Jp1rB+,(^). 

We define Acr{S) as the p-adic completion of , fc G N] = fc G N]. It is naturally 

a subring of B((j^(S'). 
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2.4.2. ((/?, T)-modules theory rings. If ?; > 0 and S = K,R, let be the subring of defined by 

= { ^2 P^i^k], vvE^Xk) + fc —>■ +CX) when k -5- +oo}, 


fceN 


and let be the subring of A^’“^ of the x = that vvE{xk) + fc > 0 for all fc G N. 


We have 


— A (o.d+r 1 1 


If a G Ei satisfies ue(q;) = h, then A^’’'^'*’ is also the completion of Ai[7^] for the p-adic topology. If 

J\ O O L^J 

u > 1, the natural map A±[|^] —)■ Bjj^(S') extends, by continuity, to injections 


If 0 < M, and if /3 G satisfies ue(/3) = i, we define A.^^ as the completion of A±[—] for the p-adic 

A ^ o S P 

topology. If M < 1, the natural map A±[^] ^ Bj}j^(S') extends, by continuity, to an injection 

If 0 < M < V, and if a,/3 G Ei satisfy ue(q;) = ^ and ue(/ 3) = we define A^’“^ as the completion 
of A±[|^, for the p-adic topology. If m < I < v, the natural map Ai[|^, Bjj^(S') extends, by 

continuity, to an injection 

a|1’’'1 ^ B+^(S). 

We use these embeddings into Bj[j^(S') to induce filtrations on all the rings A^®‘^°. We have 

p(a1P’"'+) = = a1-°’“/p', ip{At^) = At/P\ ip{At’^^) = At/P’^^P\ 


s 

The relative crystalline ring of periods Acr(i?) = G N]^ is related to the above rings. We 

have 


Acr(i?) C A±[^]^, for 0 < veW) < P - 1; 

A„{R) D A±[l^]^, for ue(/3) > P- 

(If p — I < ue(/ 3) < P, there exists C{v), v = ve{P), such that Ai[^]^ C Acr(i?).) 

To see this, write [/3] = [p*’]“u, for a unit u G A^, v = we(/3)- Since Vp{k\) = {k — Sfc)/(p — I), where 
Sfc > I is the sum of digits in the p-adic presentation of k, we have [p^jf^l = [p^] fcp-(fc-s,)/(p-i)y^^ for a unit 
uo G ffp. For the first inclusion above, it suffices to show that, for all fc, [p^]^p“(*“'*'=)/(P“i) g Ai['^]^. 
But ([/3]/p)(fc-«<=)/(p-i) = [p^]«(p-i)"'(fe-s»=)p-(fc-s»=)/(p-i)u^^ for a unit m G A±. It follows that, if 
0 < u < (p — 1), then [p''][^l G as wanted. 

For the second inclusion, if u > p, then ([/3]/p)^ = [p^]P^p“^a 2 , 02 G Acr(i?). It suffices to show that 
(pfc)!p“^ G N. But 

vp{^) = Vp{{pk)\) - Vp{p^) = - k 

and this is nonnegative since k > Spk = Sk- 

Hence Acr(I?) C A^^ for u> I/(p— 1), and Acr(i?) D A^^ for u < 1/p. That means that, in the case 
of Up = {p — l)/p, for p > 2, Acr(i?) C and, for p = 2 {up = 1/2), Acr(i?) D A^^^^ (we also have 
A„(i?)Cp-i(Aj/2l)). 
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2.4.3. Fundamental exact sequences. Recall that, if r G N, we have the fundamental exact sequence 


0 ^ F^Ar 


where := for r = (p—l)a(r)+ 6(r), 0 < &(r) <p—l. Moreover the map p’'— is p’’- 

surjective. Set Zp(r)' := We will need the following generalizations of the above fundamental 

exact sequence. 

Lemma 2.23. (i) Let 0 < u. We have the following Artin-Schreier exact sequences 


(2.24) 


0 —y Zp —^ 


i-ip 


—^0, 0 —>■ Zp A— 


(0,«]+ 1 y » (0,1;/^] + 


All’' 


(ii) The following sequence is -exact. 


O^Zp(r)'^ F'-Acr(i?) Acr(R) ^0 

(ill) Let 0 < u < 1 < V. The following sequence is p'^'^-exact 

0 ^ Zp(r) ^ ^ 0 

Moreover, all the surjections above have continuous sections. 

Proof. The exactness of the first two sequences is proved as in [H 8.1]. The third sequence was treated 
in [53] A3.26]. The exactness of the last one will follow from the exactness of the following two sequences 

0 ^ Zp{r) ^ 0 


(2.25) 


-‘py , ' V—pj 

0 ^ (A^’"V=P''AJ^ 


[u,v] P ^ J^[u,v/p] 


0 


R R 

To treat the first sequence, assume that p > 2 and map the sequence (p^’-exact) 

(2.26) 0 -> Zp(r) ^ Acr(R)‘^=P%A„(i?)/F’' ^ 0 

into it. We claim that the cokernel of this map is killed by p^''\ Indeed, note that we have the p’’- 
isomorphisms 

A„CRY=P^ Lf (AtY^P" lA (AJ^’^y=P". 

ix it 

For the first map the injection is clear and the p''-surjection follows from the fact that <p(A.^^) C Acr(R). 
For the second map, again the injection is clear and to show surjection it suffices to prove that the map 

(2.27) (p" - if) : A^’"Va^’ ^ /A^' 

it it ^ ^ 

is an isomorphism. Since we have 


/_^+ ^ /A™ /AA ~ A—/A— 

i? R i? R. R. R R. R 

we are reduced to showing that the map 

(p’-y): Af-l+ZAL^Ag^lVAj 

is an isomorphism. For r = 0 this follows from the third sequence in our lemma and the Artin-Schreier 
theory as in [H 8.1.1]: 


[u,v] , • [tt] 


(0,i;/p]-l- 


[u,v/p\ , . [u] 


(2.28) 


0 —^ Zp —>■ AA —% AA 0 


For r > 0, we can use the fact that the formal inverse of p*" — :p is —(p ^ -l-p’':p ^ Fp^'^p ^ -|- • • •) and it 
clearly converges. 
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Note also that the cokernel of the map Acr{R )/^ is killed by p’’. This follows from 

the fact that already the cokernel of the map Ai/F’' ^ A^’^'^/F’’ is killed by p’". To see this write 
aK«] ^ a±[p/[q!], [/3]/p]^, VE{a) = 1 /v,ve{/3) = 1/m, and note that 

M = = (l2qp£)[/3'] + [/?'], v^i/3') = 1/m - 1; 

ifl = = (1 + v^{a') = 1 - 1/m, 

and use the fact that the kernel of 9 is generated by [p*'] — p. We have shown that the first sequence in 
(|2.25p is p^’'-exact for p > 2. 

For p = 2 the argument is similar. We map the sequence 

0 ^ Zp(r) ^ ^ A^' /F'- ^ 0 

to both the sequence (|2.25ll and the sequence (I2.26I1 . By the above, the first map has the cokernel 
annihilated by p’’. The cokernel of the second map is annihilated by p^’’: use the fact that the cokernel 
of the map /F'^ ^ Acr(F)/F'’ is killed by p’' and that we have p’’-isomorphism 

(aM)vp=f A^,(Ry=p’' 4 if-\A^Y=p'~ 

To show that the second sequence in (I2.25|) is p^’'-exact it suffices to show that it is p^’’-exact on the 
right and for that, using the isomorphism (12.271) . we can pass to the following sequence 


(2.29) 


(A— 


^ aIh' p ~f aIh' 

R R 


That is, it remains to show that the above sequence is p^''-exact on the right. Write A.^^ = Ai[[/3]/p]^, 

^'e(/3) = 1/m. Since the map Ai + [/?]’’A^^ ^ A^^ is p’'-surjective it suffices to show that p*" — p is 

p''-surjective on Ai and on [/3]’’A.^^ separately. Surjectivity on Ai is clear since for r = 0 this is just 

the Artin-Schreier theory from (12.281) and, for r > 0, the series —(1 +p'’p“^ +p^'’p“^ + • • •) converges 

on Ai to an inverse of (p’'p“^ — 1). To check p’'-surjectivity on [/?]’’A^^, for x = y € A^^, it is 

2 

enough to check that (1 + ^ + ^ + • • •) converges (pointwise), as this gives an inverse to 1 — We 
have 


(1 


J£. 


J£_ 

p2T 


■){x) = 


E 

k>0 


^H\0ry) 


= E 


w 


k>Q 




fc >0 


We conclude, noticing that p^r — kr > 0 and goes to oo when fc —>• oo. 

Concerning the last claim of the lemma - can be proved for the first two sequences as in [U 8.1,8.1.2,8.1.3]. 
The last two sequences are sequences of spaces with p-adic topology that are complete for that topology 
- hence the existence of a continuous section is clear. □ 


Remark 2.30. The same arguments can be used to prove the following result, where B+ = Acr[^]. 

Let M be a p-modul^ over F, P G F[A] such that F(0) ^ 0. Then F(p) : B+ (§ip M —>■ B+ 0^ M is 
surjective. 

Since B+ contains VF(fc), Dieudonne-Manin’s theorem allows us to assume that M is the standard 
module of slope A = ^, i.e., M = Fei © • • • © Fe^, and p(ei) = e^+i, ii i < h, <p{eh) = p“ei. Also, the 
result is true for P if and only if it is true for all of its irreducible divisors, which allows to assume that 
F(0) = 1, that all roots of F have the same valuation a and that P{X) = Q{X^) for some Q G F[X] (by 
replacing F = ]/[(l“aiA) by its multiple Y\{\ — a’ij X’^)). So, we just have to check that F(p^) = Q(p“p^) 
is surjective on B+ (note that all roots of R have valuation jj = [a — X)h). 


®A finite rank vector space over F witii a semilinear Frobenius isomorphism ip. 
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Write 1IR= 1 + biX + b^X + • • •. We have Vp{bi) > —iP, for all i, which implies (by the arguments 
above: jf — kp ^ +oo when k +oo) that 1 + biip’^ + b 2 f'^^ + • • • converges (pointwise) on 
and that P{ip) has an inverse (and hence is surjective) on 

So, we are left to check that R{ip^) is surjective on A^[l/p]. Let us write i? as 1 + aiX + • ■ • + adX'^, 
with Ud ^ 0. There are two cases: 

• P < 0, which implies that R £ £^f[X] and R((p) sends Ai into itself. Now, modulo p, R((p^) becomes 

X 1 —^ X + aix^ + • • • + ttdX^ , and is surjective since is algebraically closed and is its ring of 

integers (if P < 0, things are even simpler: all are 0 modulo p, and R(p^) is just x i—>- x modulo p). 
Since A^ is p-adically complete, this implies that R(p^) : A^ -> A^ is, indeed, surjective. 

• /3 > 0, in which case a^^R € ^f[A] and is X‘^ modulo p. It follows that a^^R((p^) becomes x i-A 
modulo p, which makes it clear that it is surjective. 


2.5. Embeddings into period rings. 


2.5.1. Rummer embeddings. Choose, inside R, elements Xf , for i = l,...,d and n £ N, satisfying 

— 0 —(n + l) —n I 

the obvious relations (i.e. Af = Xi and {Xf )p = Xf if n > 0). li i = I,... ,d, let X^ = 

(A„Ay^...)£E+. 


Sending Xq to [w^] and Xi to [X^], if z = 1,..., d, induces an embedding tKum of ^ into A-^ which 
commutes with Frobenius p and is compatible with filtrations. As R^ is etale over Rp^ q, one can extend 

tKu - - -• " 


to an embedding i?+ and, by continuity, to embeddings 

i?P°^A„(i?), R 

which commute with Frobenius (with pKum on and filtration (if 1 ^ [u, u], there is no filtration on 

the corresponding rings). 




2.5.2. Cyclotomic embedding of R^. Let = ^Fi{Ai,..., A^}. If n £ N, let ,...,A^ 

and let be the integral closure of R in the subalgebra of i?[i] generated by R and Set 

-^□,*00 = and Roo = Un^^Rn- Then and i?oo[^] are Galois extensions of 

and respectively, with Galois group F/j which is the semi-direct product 

where 

F), = Gal(i?oo[i]/Aooi?[i]) :::: Z^, F^ = Gal(Aoo/A) ~ 1 +p*(^)Zp, 

and a £ 1 -l-p'^^^Zp acts on by multiplication by a. 

We define an embedding icyci : Rf-i □ sending T to tt^ = p“*(7r) and Xi to [X\\, where 

X\ = (Ai, ...). This embedding commutes with Frobenius (i.e. potcyi = (•cyciopcyci) and filtration 

(since Po is sent to Po['Ki) = f). 

Proposition 2.31. icyd has a unique extension to an embedding Rp, —^ A^[[ ]] such that 

tcyci(Ao) - [w^] £ -I5-AA[[^^]], and 9 o is the projection i?+ R. 

i TT^ 

Proof. This is a consequence of Proposition 12.121 with A = Ai[[-^]], A = tcyci, /3 : A defined 

by PiXo) = [tu'], PiXP = [A)-] if 1 < * < d, P{Xd+i) = ], p = Po (hence A(p) = C), 

"^a+l'""^a+b 

J = Kerd = and A^ : Rt, A/J = C'^(R) being the natural map i?+ R. (We have 

^ TT - ^ ^ 
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9{Q{\'K"],'Ki)) = Q(w, C — 1) = 0, hence (3(/3(Xo), A(T)) is divisible by ^ = A(^) in Ajt c A, which shows 
that we can indeed apply Proposition 12.121 1 □ 

Let 

K — ^cycl(Alo). 

By construction 9{'!Tk) = 'cu, and one can show that, if n S N, then zun = 0{(p~^{TrK)) is a uniformizer of 
Kn- Now, is a unit in This allows, using an obvious variant of Remark 12.51 to extend 

icyi to embeddings ^ A-^, ^ and ^ for m < i; < pvu, which commute 

with Frobenius (by unicity) and filtration (by construction). 

2.5.3. The action ofTji. We denote by A^®‘^° (resp. A^®^) the image of i?^®® (resp. i?^!®®^) by icyd- It 
is quite clear that A^ ^ is stable under the action of Gr. More precisely, Gr acts through F/j, and we 
can choose topological generators 7 j, 0 < j < d, of F/j with the following properties. Let 


c = exp(p*); in particular a := p *(c — 1) S Z* 


Then 


f loiT^i) = (1 + - 1 = (1 + 7 r)“(l + TTj) - 1 and 7 ^( 71 ^) = TTi if 1 < j < d. 

= [e] [Xi] = {1 + 7 t ) [XY and 7,([A^]) = [A^] if jV ^ and 1 < fc < d. 

It follows that 71 ,... , 7 d are topological generators of r)j. 

The induced action of F/j on □ is given by the formulas: 

7 o(T) = (1 + r)^’^“(l + T) - 1 , 7 ,(A,) = (1 + Tfx,, if 1 < j < d, 

7 fe(r) = T, if A: 0, 7 fc(A,) = A„ if k ^ 3. 

Proposition 2.32. Let 7 : R~^_i □ ^ ^ continuous ring morphism such that there exists 

Oj G Tip, for 0 < j < d, such that: 

7 (A,) = (1 + T)P'“^A„ */ 1 < j < d, j{T) = (1 + T)P‘“®(1 + T) - 1. 

Then 7 extends uniquely to a continuous ring morphism ^ such that 

-fix) - xG ifxGRt and 7 (^ 0 ) - Aq G 


irp2d^\\l V ^ ^ L L ^2 b J J ■ 

Proof. This is a consequence of Proposition l2.1^ with A = Ri^[[ ]], A = 7 , /3(x) = x, pL= (1+T)^'* — 1, 


Ku) 


IS 


ACT(a^) = X, and J = ( ^ ). To check the requirements of that proposition, note that 

a unit and that 7(r) — T is divisible by p in hence Q{Xo,j{T)) = Q{Xo,T) mod /rr+, and 

Q(/3(Ao), A(T)) G /rr+ C pA. The rest of the requirements are obvious. □ 

Corollary 2.33. (i) The action of Tr extends uniquely to an action on R^^, which stabilizes if 

V < pvR and extends to a continuous action on if u < v < pvR. Moreover this action is trivial 

modulo + T)P' — 1) on all these rings. 

(ii) The rings A^, A^’^^"*", A^’“^ are stable by Gr which acts through Pfl;, and Lcyc\ commutes 

with the action ofTR. 

Proof. For (i), just use Remark l2.5l For (ii), use the unicity in Proposiiton 12.321 and 12.311 it implies that 
O’ o Lcyci = icyci o CT, if (T G Gr and CT is its image in F^;. □ 

The action of F/j on is analytic, and the action of its Lie algebra LieF/j is given by: 

\og^j=tdj, if 0 <j<d. 
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as one sees easily using the above formulas for the action of F/j (here dj is the derivation of 
deduced from Scycij' on by transport of structure). 

Lemma 2.34. If u < v < p and S = then 

( 7 - 1) •r"(p,r®°)'=5' C T^+p'~"-^R(p^T‘^o)>^+^S and (7 - 1)'= • S' C S. 

Proof, (ii) follows from the triviality of 7 modulo r“i“'5fi((l -|- T)p — 1), the fact that 7 — 1 acts as a 
twisted derivation [ (7 — 1 ) • a:?/ = ((7 — 1 ) ■ x)y + 'y(x)((j — 1 ) • y) ], which implies that 

(7 - 1) • T”S C + T)P' - 1)S, 

and the fact that PP' ^ divides (1+T)p' ^ — 1 (because v < p) and € (p, T®°) (see Lemma [2.35l 

below). □ 


Lemma 2.35. If v < p, then: 

• Tr~P TTi is a unit 

r (p — 1 / i — 2 

• p is divisible tt^ ; hence also by ^ 

• ^ S and is divisible by 

• ^ € (p, )A^’'^^~'’ and is divisible by , hence also by 


Proof. We can work in in which case becomes T and tti becomes (1 + T)p — 1, and we are 

looking at the annulus 0 < Vp{T) < on which {1+T)p' ^ — 1 has no zero and Vp{{l+T)P' ^ — 1) = 


p* ^Vp{T) since v < p. This proves the first point. 


The second is basically the definition of A)j 


(0,-u] + 


The third point follows from the first two, which give — divisible by tt^ 


2[ (p-y ^ ]_p 


equality 2 [ 


(p-i)p*- 


-P‘ 


> { 2 {p-l)-v)p 


i-2 


The fourth follows from the first two and the identity tt = tt^ ^ + par^ ^ ■ 


-P- 


, and the in- 


□ 


2.6. Fat period rings. We are going to make period rings fatter (Scholze [57] even call them ^B’s) 
by adding to them the variables Aq, ..., (i.e. by tensoring with and its siblings). This kind of 

rings [631114] originate in linearizations of differential operators. 


2.6.1. Structure theorem. Let: 

. 5 = (and = i?™ , i?!:;^), 

• A be a p-adically complete filtered ^F-algebra, 

• 6 : S' —> A be a continuous injective morphism of filtered ^j’-algebras, 

• /:S®A—>-Abe the morphism sending x ®y to i{x)y, 

• SAs be the p-adically completed log-PD-envelope of S 0 A —>• A with respect to Ker/. 

(We take partial divided powers of level s: i.e. x^^^ = [fc/p=]!-) By definition, SAs is the p-adic 
completion of S ® A adjoined (x (g) 1 — 1 0 i{x))^’^\ tor x G S and /c G N, and {Vj — 1)^^!, for 0 < j < d 
and fc G N, where Vj = (Adding the (V) — l)[^I’s makes all the difference between the log- 

PD-envelope and the PD-envelope.) The morphism / : S g) A —)• A extends uniquely to a continuous 
morphism / : SAg —>■ A. 

We consider S and A as sub-algebras of SAg (by x ^ x®l and y ^ 1 ® p). Via these identifications, 
/ induces the identity map on A, V) = if 0 < j < d, and (a; g) 1 — 1 g) i(a;))[^l becomes [x — i(a;))[^l 
if a; G S. 

We filter SAg by defining F'~SAs to be the topological closure of the ideal generated by products of 
the form a;ia ;2 Y\(Vj — 1)[^^1, with xi G X 2 G F''^R 2 , and ri + r2 + J2 — p- 
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Lemma 2.36. (i) Any element x S SKg can he written, uniquely, as 


kgN‘^+1 i=o 


with Xk G A for all k = {ko,..., kd) G and Xk —!> 0 when k cxd. 

(ii) X G F^SAs if and only if Xk G for all k G 

Proof. Let A' = A[(l — 0 < j < d, fc G N]^ and let d : A' ^ SAs be the natural map. We want 

to prove it is bijective. 

For injectivity, use the morphism / : SAs —>• A: it kills the 0^=0 ~ with |k| > 0. Now 

dj = Xj-^^ extends by continuity to SAs and A', and commutes with d, so we can prove by induction 

on |k| that if d{x) = 0, then Xk = 0 for all k (apply / to ° using the fact that djVt, = 0 if 

i ^ j and djVj = Vj = (V, — 1) + !)■ 

For surjectivity, first note that the kernel of / o d : A' ^ A is the PD-ideal generated by the {Vj — l)’s 
since fod is the identity map on A. Let Sa C S. There exists a unique morphism lq : Sa —A' such that 
d o tg is the natural injection 5 'q —>■ SAg'. unicity because d is injective, existence thanks to the formula 


j^O j^O 



d +00 


i=o 


n—O 


The above formula shows that lo{x) — i{x) G Ker/ o d, for all a; G S'q. By etaleness (Remark [221), this 
implies that tg admits a unique extension to a morphism ig : S' —>■ A' such that ig(a;) — i{x) G Ker / o d, 
and by unicity, d otg is the natural injection S SAg. This shows that d{A') contains S. Finally, Ker/ 
is generated by the {Vj — and by elements of the form x — i{x), for x G S, but these are in the 

image of the PD-ideal generated by the {Vj — l)’s. Hence the image of the PD-ideal generated by the 
{Vj — l)’s by d contains the log-PD-ideal generated by Ker / which shows that d is indeed surjective. 

To prove the statement about filtrations, we argue by induction on r. Applying dj, for 0 < j < d, and 
arguing by induction on |k|, shows that Xk G if k ^ 0. Now, this implies that xg G A n F'"SAs. 

But Xg = /(xg), because xg G A, and f{F'^SAs) C F^A because / is the identity on A, kills {Vj — 
if kj > 1, and sends F^^ S to F'^'^A since it coincides with i on S. So xg G F''A, which concludes the 
proof. □ 


2.6.2. The filtered Poincare Lemma. Let, as usual, = ©^^gZ and let D" = So = 

SAs © H". We filter the de Rham complex of SAg as usual by subcomplexes 

F’'D^a./a := F'^SAs F'^-^SAg ^ F'^-^SAg © ^ • 

Lemma 2.37. (Filtered Poincare Lemma) The natural map 


F^A ^ F’'D^a./a 

is a p’^-quasi-isomorphim. 


Proof. Let e : F'^A —>■ F^SAg be the natural injection. A contracting (A-linear) homotopy can be defined 
as follows. We define the map 

d 

h° : F^SAg F'’A, X! H “o- 

keN‘^+1 j=0 

Clearly h^e = Id. For g > 0, we define the map 


: F^-‘^SAg © ^ F^-‘^+^SAg © 
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by the following formula 

d 






Xi- 


A • • • A t4- 


Xi, 


(0 < jl < ■ ■ ■ < jq < d) 


i=0 



T- lErrFV- — -jr- A • • • A , -jj— 


if kj = 0 for 0 < j < ji, 
otherwise. 


We have eh° + h^d = Id and dh'^ + = Id, as wanted. (The correcting factor )! 

is due to the fact that we have partial divided powers; its valuation is between 0 and —s depending on 


the valuation of kj + 5jj-^, which explains why we only get a p®-quasi-isomorphism.) 


□ 


2.6.3. Extending the actions of ip and Gr. We take s = 0 if p > 3 and s = 1 if p = 2, and define: 

• as 5A, for ,5 = A = A^’"l or and 6 = L,y,i. 

• as SAs for S = i?™, A = Acr(i?), and l = iKum, 

• E^’'"^ as SAs for S = A = and l = iKum- 

rt rt 

Lemma 2.38. (i) E^ C £ 1 ^’'"]. 

(ii) s',"’"' C C Sj’"'. 

Proof, (i) is obvious from the structure result of Lemma [2. 361 To prove (ii), granted Lemma [2. 361 we just 
have to check that (1 - e Ll-fe’"'. But we have 1 - Asl = + Xo ^ has 

divided powers of level s in £^’"1 by construction, so we just have to show that ' admits divided 

powers of level s in A.^’"'. For that, we are going to use the assumptions 2p(6r + 1) < eo, u > v < p 

H, P 

(and M = |, u = |, if p = 2). We have 

^ and ^ +pa, with a G A+. 

But, n'"’"'(-^) > 0, since v < p, and 

p'"’"' (tItt) > min ((eo -Sr- 1)^, 1-{5r + 1)^) > min ((1 - ^)u, 1 - 5 ). 

It follows that ' ) > (^ 35^1 for all p, which allows to conclude. □ 

Remark 2.39. It follows from the proof that we could have also defined £^’’'' using icyd instead of iKum- 

If {S, A) is any of the pairs above, there are natural, commuting, actions of Gr and p on S'® A (tensor 
actions, with Gr acting trivially on S, and p = pKum or pcyci on S, if i = tKum or icyd)- 


Lemma 2.40. (i) p extends uniquely to continuous morphisms 














^\u,v\ 

R 


R 


(ii) The action of Gr extends uniquely to continuous actions on El^, com¬ 
muting with p. Moreover is the fixed point of £^’"' by Gal(i?[i]/i?oo[^]) C Gr. 

Proof. Lemma [2.361 reduces the statement to the verification that (1 — p(V)))[^l and (1 — o-(V,))'^' belong 
to the relevant ring, for 0 < j < d and a G Gr. 

Let us start with Frobenius. If we use iKum, the result is obvious as, in that case, p(I^ ) = Vj’. If we use 

icyd, the same argument is still valid for 1 < j < d, and we are left to check that (1 — G 

But 


1 - 


vGk) 


= (1 


^0 '^K 

-TT^ ) (p{tTk) 


+ (1 


vGk) ' 
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and the result follows from the fact that i^cyci is admissible, hence 1 — has divided powers of level 


s in A 


u,v/p\ 


For the action of Gr, we have to check that (l — ^ makes sense. If t = (.Kum or if j > 1, we 

have cr(t(Aj)) = [£:°(cr)]i(Aj) for some c(ct) G Zp. So we can write 

1 - = (1 - Sg)) + (1 - M 

and the results follows from the fact that 1 — is divisible by tt which has divided powers of any 

level. The case j = 0 and t = tcyci is more subtle: we have to consider 


X _ ^0 = ("l _ Ao "j _ Xq ttk-o-Iti-k) 

CtGk) V T^K ' 


But e tt. 

(T{7TK) ■ 


and 


TT- ^TT = TT- 


'TT’K / TT/C < 7 ( 7 rj<-) 

^ , ciiiu /ij <1 — n~^^~^Tri^ is divisible by ^ in A^’“^ (by Lemma [2.35L 

and and ^ has divided powers in since it has already divided powers in A^^. 

Finally, the “Moreover” is obvious from Lemma 12.361 Remark 12.391 and the fact that Vj is fixed by 
Gal(R[i]/i?oo[|]) if we use tcyd- □ 

Example 2.41. If i? = we have = Agt, where Agt is the p-adic completion of the ring 

xX 

Acr[^, k G N], where Y = — 1. Since p(Ao) = Xq, we have (p{Y) = (1 + Yy — 1, and since 

a{[va^]) = with c(cr) G Zp if cr G Gk, we have <j{Y) = -\-Y) — 1. 

A more conceptual description would be to define Agt as the of for the log-crystalline coho¬ 
mology: 

Ast,„ = A,t = proj lim7J,V^-^,„/r™ )■ 

3. Local syntomic computations 

The goal of this section is to construct, if K contains enough roots of unity, a natural “quasi¬ 
isomorphism” between the complex Syn(i?, r) computing syntomic cohomology of R, and a complex 
Cycl(Rfe’"',r) that is closer to Galois cohomology. For example, in dimension 0, choosing a basis of 
the two complexes become (with (?Kum = and 9cyci = (1 + 


Syn(^/f,r) : F^r: 
Cycl(r^’"l,r) : 


PD 


( 5 Kum,P'’-V^Kun 


{^cyclfP ^cycl) 


^r-lpPD 


r t ■rr! 


..PD 


'dXo' 

- (P”-PVKum )-|- 3 k. 


„PD 

' m 


_[u,ll/p] PVcycO+dcycl^ „[“T/p] 

' '^■cu ^ ^1x7 


The main step (Proposition l3.10]) is the shift from Frobenius :pKum to :/3cyci (this uses standard crystalline 
techniques). But, since v^cyci is not defined on i?™, one must first replace i?™ by This is done 

through a string of “quasi-isomorphisms” 

Syn(R,r) := Kum(R™,r) ^ Kum(RM,r) ^ Kum’^(Ry,r) ^ Kum'^ r) ^ Kum{R^^-^\ r), 

using techniques coming from ((/?, r)-module theory. (Actually, it is better to truncate in degree r as 
the constants involved in the “quasi-isomorphism” Kum’^ (i?CT,r) = Kum’^(i?CT’’'^, r) are too big in de¬ 
grees >r.) 

3.1. Local complexes computing syntomic cohomology. If 


q _ nPD n[«] n[u,ti] 

^ 1 -*• ^Trr 1 -*• ^-n-r 


■■CU 5 5 5 


set 


S' = Rl^,Rt\R^^’^/Pl 

We endow all these rings with Frobenius y^Kum, and we have (fi{S) C S' in all cases. 
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If i G N, let 

Ji = {0 < ji < ■ ■ ■ < ji < d} and wj = A • • • A if j = (ji, ■ • ■, ji) G J^. 

We define (/^Kum and ipKum on fl’g by 

^Knm (/j )wj V'Kum ( XI ) = XI (/j )wj . 

jeJi jGJi jeJi jeJi 

(This is not the natural definition, as we have d(i^Kum(/)) = PV’Kumidf) with this definition. The reason 
for doing this is that we need the left inverse oi (p which makes it necessary, for integrality reasons, 
to divide the natural Frobenius by suitable powers of p. The price to pay is that these powers of p are 
showing up in the complexes that we are about to define.) 

We define as the sub-5'-module of Og generated by F^S ■ Slg; we have thus 

We filter the de Rham complex fig by subcomplexes 

F'^n'g ■= F^s ^ ^ 

We define the complex Kum(S', r) as 

Kum(5,r) := [ F^Q-g P^'-P^Kum 

We define the syntomic complex Syn(ii, r) of R and the syntomic cohomology F{*y^{R,r) of R as: 

Syn(i?,r) := Kum(R™,r) and H*y^{R,r) := H*{Syn{R,r)). 

For n G N, we define the syntomic complexes modulo p” and syntomic cohomology modulo p" of R as 
Syn(R,r)„ := Syn(R,r) (8)z Z/p", and := i7*(Syn(i?,r)„). 

If S' = set S" = We define the complex Kum’^ (S,r), using i/'Kum instead of 

Kum’^(S,r) := [ F^n-g n'g,, ]. 

Finally, if S = we define Cycl(S, r) using :pcyci in place of :pKum (we cannot define Cycl(S, r) 

for S = i?™,i?l^' as Pcyci does not send S into S' in these cases (except if if = F, i.e if K is absolutely 
unramified)): 

Cycl(S,r) := [ 

For the remainder of this section, we write simply ip and ip for :pKum and ipKum- 

3.2. Change of disk of convergence. We are going to show that Kum(i?roX) computes the syntomic 
cohomology up to a constant depending on r. For that we will need Lemma |3. II below. For S = r^ or 
we denote by vxg : S N U {+cxd} the valuation relative to Xq: if / = then vxoif) = 

inf{i G N, Gi 0} and, if G N, we define Sx as {/ G S, vxoif) > N}. We define R^x 
the topological closures of ig)^+ R+ and R^^]x ®r+ R}^]x- 

Lemma 3.1. Let S = . i/ s G Z and N > 1, then (1 — p~^p) : Sat)^] ^ is bijective. 

Moreover, if S = R^ {resp. S = i?ro ), 

• there exists N{r,e) {resp. N{r,e,u)) such that (1— p“®(p) is -bijective {resp. -bijective) 

on Si for all s < r, 

• if N > se, {resp. N > se/u{p— 1)), then 1 —p~^p is bijective on Sx- 
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Proof. The estimates being easier for (since [|]! is replaced by [^] which behaves better as a function 


of i), we will just treat the case S = i?™. An element / of S'at can be written as 
fi S goes to 0 when i —>• oo. We have then 

Ir . • 

xK * 




p-^^p\f) = Y.p ' 


HI! 


p\h)- 


i>N 


Now, 


(^p([^]0 - 'f'pdi]') - =^p([^]0 -ks> 


..k-1 


— 1 — ks 


goes to +00 when k +oo. We deduce that, for / e SAr[-], the series converges in 


feGN J 

Sa[|]- Since the sum g satisfies (1 —p~^ip)g = /, we deduce that (1 —p~^ip) is invertible, with inverse 
and we can take N{r,e) = inffegN(—1 — kr+p^~^/e). 

Now, if i > se, then 

r ^ -1 


= n [^] > 5 ] sp" > sk. 

This implies the last statement of the lemma. 


fe-i 




k-l 


e e ^—' e 

j=o j=o 


□ 


Lemma 3.2. Let r, s G N. 

(i) //l/(p — 1) < u < 1, the map p’^ — p induces a p‘^^''-isomorphism F’Tl® [,^]/T'’T2 ^pd ~ fl* [„]/fl^pD. 

R-dJ 'OS Rtss 

(ii) If u' <u < pu', the map p^ — p induces a -isomorphism ~ 17® [„]/i7® . 

R-cs R\:sj Rds R\j3 

Proof. If j G Ji, we have p{uj}) = pPujp This makes it possible, by decomposing everything in the basis of 
the ojj’s, to only treat the case i = 0 (the map becoming p® — p^p). Let A = R™ or ^ and B = ; 

we have A C B and p{B) < A. 

To show p®-injectivity, since F'^A = An F^B, it suffices to show that (p®* — p^p)x C A implies that 
X € A. But this follows from the fact that p{B) C A and the identity p^x = (p®* — p^p)x +p^p{x). 

Now let f&B. Write / as /i + /a with h e Rt]se/u(p-i) and fi G p-lu{se/u)/e(p-i)]j^+ ^ gy 

Lemma 13.11 we can write /2 as (1 — p®“®(p)p, with g G B. By Remark 12.61 we can write 5 = 51+52 
with 5 i G F^B and 52 G p“[®’“li?+, hence (1 — p^~‘^p)p~‘^g 2 S p~‘^~'^A and / — (1 — p®“®p) 5 i G p~^~'^A. 
Finally, we obtain / G p“'*“’'A +p“®(p'* — p^p)F'^B, which allows to conclude. □ 

Proposition 3.3. (i) For < u < 1, the morphism of complexes Kum(i?™,r) ^ Kum(i?ro^,r) 
induced by the injection C is a p^^-quasi-isomorphism. 

(ii) If u' <u < pu', the morphism of complexes Kum(i?ro ^ p) => Kum(i?ro^, r) induced by the injection 
R^^'^ C is a p^''-quasi-isomorphism. 

Proof. The above lemma, applied with s = r — 1 and s = r, allows to show that the cohomology of the 
quotient complexes is annihilated by p®®". □ 

3.3. {p, 9)-modules and (fj, d)-modules. We are going to show that Kum’^(i?TO^ r) computes syntomic 
cohomology. 


Lemma 3.4. The following commutative diagram 


+’'17* 




17’ 


Id 


+’'17* r, 

r\. 




fi! 


17* 


[“] 
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defines a quasi-isomorphism from Kum(it!ro^?' ) to Kum’^ , r). 

Proof. Let S = . Since if : fig il* [j,„] is surjective, the quotient complex is trivial. It suffices thus 

to show that the kernel complex 

is acyclic. We have 
where 

= ®i<j<d+iZ ^ and 

Now, 5’’^=° = ©„g {o, .. ,p-i}<i+qa/o'^a, and this decomposition induces a direct sum decomposition of 
the above de Rham complex, so we can argue for every a separately that the following de Rham complex 

0 —y Set —^ Set ® ^ Se © —y ■. ■ 


is exact, and it is enough to prove this modulo p. But Lemma 12.91 tells us that this complex has a very 
simple shape modulo p: if d = 0, it is just Sa —^ Sc, , if d = 1, it is the total complex attached to the 
double complex 


a , o 

*_>ry ^ Orv 


and, for general d, it is the total complex attached to a (d + l)-dimensional cube, with all vertices equal 
to Sot and arrows in the i-th direction equal to a^. As one of the at is invertible by assumption, this 
implies that the cohomology of the total complex is 0. □ 


3.4. Change of annulus of convergence. 

Lemma 3.5. If u <1 <v, the natural morphism —>■ is a p^-isomorphism. 


Proof. It suffices to treat the case when R = The above map is clearly injective. To prove p'"- 
surjectivity, we need to verify that is in the image. For that, note that p being divisible by 

■07® in we can write p = XqA + BP, with A,B € r+. This implies that we can write as 

RfcP" + AfeAoandp®+['="lAo-'=® as + X^^^BkPr But e C C rt"\ 

hence Xff^^BkP^ S r^Z’'’\ and its image in being divisible by P®, we have written 


as a sum of an element from and an element from r^3. This allows us to conclude. 


□ 


Lemma 3.6. Let u < 1 < v. The natural morphism from Kum’^(Pro^,r) to Kum’^(PCT’’^^,r) induces a 
-quasi-isomorphism 

T<,Kum^(pM,r) ^ T<,Kum’^(p[^'"l,r). 

The same is true for the complexes modulo p”. 


Proof. Our map is induced by the following diagram 
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It suffices to show that the mapping fiber 


(3.7) 






P'^lp—P* 






is p^’'-acyclic. By Lemma [3.51 we can ignore the filtration and, working in the basis of the wj of 17®, 
it is enough to show that ^ — p® : —>• /i?^®®! is a ^’'-isomorphism if i < r. But 

1 ~ for s = T — f > 0, is invertible on with inverse 

1 -I- p^ip + H-(this converges even if s = 0 because V’ is topologically nilpotent). This allows us 

to conclude. 

For complexes modulo p", since the quotients are p-torsion free, it 

again suffices to show that the mod p®® analog of the mapping fiber (1X71) is p^’'-acyclic. Note that the 
mod-p" version of Lemma 13.51 holds (though we now only have a p’'-injection). Having that the rest of 
the argument is the same. □ 


Remark 3.8. Truncating is not absolutely necessary at this point, as ip is very rapidly nilpotent, but 
the constants that come out involve loge. 

Corollary 3.9. Fof pUj V^ tJliG TT^di/UT'Cll TTlCip j'T'OTTl 7 


Knm{Rt^\r) := [ , 

■ti-zo 




,[u,v/p] 


induces a -quasi-isomorphism 

T<,Kum(RM,r) ^ T<,Kum(R[^-®’l,r) 

Proof. By Lemma IX^ we can pass from the complex Kum(i?ro ,r) to Kum®^ (i?ro,r) and, by the above 
lemma, we can pass from T<rKum®^(i?TO^,r) to T<rKum®^(i?CT’' ’\r). It remains thus to show that we can 
pass from Kum®^(i?ro’’'^,r) to Kum(i?CT’“^,r). Or that the map induced by the following commutative 
diagram 

p'’-p'tp 


F^VL' 


F’'H* 


,\u,v] 


O’ 


Id 


p'^'ll)—P* 






'.,v/p] 


,[pu,v] 


is a quasi-isomorphism. We can now use the same arguments as in the proof of Lemma [3.4l to conclude. □ 


3 . 5 . Change of Ftobenius. To pass from syntomic cohomology to etale cohomology, we will need to 
change the crystalline Frobenius into the (p, F)-module Frobenius. 

Proposition 3.10. The complexes Kum(i?ro’’^^,r) and Cycl(i?ro’’^^,r) are -quasi-isomorphic. 

Proof. If A C A' are filtered rings with a Frobenius p : H —)• H', let 

S(Ar,p) = [f®-H^ ], 

where p on is the divided Frobenius (by p®®). So, for example, 

Kum(RM,r) = S(i?M,r, pxum) and Cyc\{Rt'’\r) = S(R[^'®’1,r, pcyd). 

Since (A^’"', p) = 5 V^cyci), Lemma l2.401 provides us with morphisms of complexes 

S(Rl:’®’l,r,pKum) ^ S(4“’''',r,p) ^ S(R[:’®’l,r,pcyci). 

Lemma 13.Ill below shows that these are 2'^+^-quasi-isomorphisms, which allows to conclude. □ 
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Let be two copies of we have isomorphisms Li : ^ Ri- We set Xij = Li{Xj), if 

i = 1, 2, 0 < j < d. 

Let Rz = (i?i (8) with respect to t = i 2 o Hence i ?3 = as a ring, without the actions 

of Gh or ip. 

If i = 1,2, let Hi = Set and, if i = 1,2,3, let Then 

= i ?3 © Hg. We filter the de Rham complex of i ?3 as usual by subcomplexes 

:= F''i?3 ^ F'-ii?3 © Hi ^ -F’'-^R3 © H^ ^ • 

Lemma 3.11. (Filtered Poincare Lemma) The natural maps 




are 2d+i 

-quasi-isomorphims. 


Proof. By symmetry, it is enough to consider the first map. First, we claim that we have the 9^,^ filtered 
Poincare Lemma, i.e., that the following sequence 

dRi , , 9ri 

0 —^ F'-Rz ^ F^Rs F^-^Rs © H} ^- 

is 2-exact. Indeed, this is a special case of Lemma [2.371 with S = Ri and A = F 2 . 

Now, we can extend the above to a sequence of maps of de Rham complexes 

9r-, 

0 ^ ^ F^Rs © ^2 —^ F’'-1F3 © (H} a HJ) -- 

The contracting homotopy used in the proof of Lemma [2.371 being F 2 -liiiear, extends as well and shows 
that the rows of the above double complex are 2-exact. Since the total complex of the double complex 

F’'F3 © HJ F’^-iRg © (Hi A H5) —-- 

is equal to the de Rham complex F'’H^^, we are done. □ 

3.6. Syntomic cohomology and de Rham cohomology. We will show that, up to some universal 
constants, syntomic cohomology has a simple relation to de Rham cohomology. Let S = F™, p = (/^Kum, 
r > 0. Set 

HK(5,r) := [HfDR(F,r) := H^/FL 

We note that r<j._iDR(S', r) ^ DR(S', r) and that the natural map r<r+iHK(S', r) —>■ HK(S', r) is a 
p^’'-quasi-isomorphism (since 1 —p^p, s > 1, is invertible on Hg"*"®). 

Proposition 3.12. (i) The natural map 

r<r+iSyn(F,r) Syn(F,r) 

is a p^^-quasi-isomorphism and F’'“''i(Syn(F, r)) ^4- F’'+i(HK(S', r)). 

(ii) The complex T<r-iHK(S', r) is p^-acyclic, for a constant N = N{e, d,p, r). Hence the natural map 
DR(S',r) —>■ T<r-iSyn(F, r)[l] is a p^-quasi-isomorphism. 

(iii) The above statements are valid also modulo p"^. Moreover, F’’^i(HK(S', r)n) is. Stale locally on 
Rn, p^^^Ftrivial. 

Proof. For (i) and (ii), we are going to argue p-adically: the mod-p” argument for (iii) is analogous. Since 
we have 

Syn(F,r) = Kum(F™,r) = [F’-H^^^^H^] = [HK(5,r) ^ DR(F,r)], 
the first claim of our proposition follows from what we noted just before the proposition. 
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For the second claim, write XqS for XoS'[|] fl S and define ^0^5 accordingly. Writing differentials in 
the basis of the Wj’s and using Lemma lOl we obtain that the subcomplex Xoflg] is 

acyclic. Hence HK(S', r) is p^2(®’’'’‘^)-quasi-isomorphic to where S := S/XqS = R^/Xq. 

Now, the following lemma shows that S is equipped with a left inverse ij) oiip verifying tpodi = pdiOtj), 
\i 1 < i < d. 

Lemma 3.13. ip = ipKum stabilizes XqR^- 

Proof. We have ip = oTr, with Tr = Tr^+ p and the trace can be computed by taking the 

sum over the conjugates: if 77 = (770, ■ • ■, rjd) is a tuple of p-th roots of unity, we define an automorphism 
of i?+[Cp], sending Xi to piXi (this gives us Cp on □[Cp]) and we extend it to i?i[Cp] by etaleness). The 
(Tp(a:)’s are the conjugates of x, hence Tr(a:) = 0-^(0;), which makes it plain that, if x is divisible by Xq, 

then so is Tr(a;). Now, if (p(x) G XgP^, then x G XqP^: this can be seen by successive approximations, 
using the last line of the proof of Lemma I^Tfl and the fact that ip(XoR^) C XoP^. Hence, if a: G Xoi?+, 
then p‘‘'^^ip(x) G and, since XqR^[^] n ii+ = XqR^, this implies ip{x) G XqR^. □ 

We can then use the arguments in the proof of Lemma 13.41 to deduce that ^is quasi- 

'ijj _ ^ ^ 

isomorphic to > H.^]. But, in degree i < r — 1, p^ip — p® is a p’'-isomorphism (and even a 

p*-isomorphism), with inverse —1 — p^~'‘ip — — • • •. Hence ^ ^ fl^] is p^’-acyclic, 

which proves (ii). 

For the very last claim of the proposition, since the map is injective, it suffices to show 

that the map is surjective, which amounts to showing that 1 — p is, etale locally, surjective 

on Sn- By devissage we can assume 77 = 1, and then we are reduced to the statement that x — x^ is, etale 
locally, a surjection, which is clear as Artin-Schreier extensions are etale. □ 


The following lemma relates the complex DR(S', r) which appears in (ii) of the above proposition to 
the usual de Rham complex. 

Lemma 3.14. DR(5', r) is quasi-isomorphic to cr<j._ir2^ after inverting p. Here a<r-i denotes the silly 
truncation. 


Proof. We have r+= K[P]/P^. Hence S'[l/p]/F"’’ = R (8)^^ {K[P]/P'^) (we see that R™^/F'^ = 
Ra 0 {K[P]/P'^) by inspection and deduce the result for S by etaleness). 

Writing differentials in the basis of the wj’s makes it possible to write DR(S', r) as the total complex 
of the double complex 


R(S>{K[P]/P^) {R(S){K[P]/P^-^)Y 

do I So 

R0 (a:[p]/p’-i) (p® (a:[p]/p’-2 ))‘' 


—^ p(’--i) —^ 0 

do 

-^ 0-s- 0 


Now, do induces an isomorphism PAr[P]/P'’ = iG[P]/P’' Hence the subcomplex obtained by replacing 
iF[P]/P® by PiFjPj/P® in the first row is acyclic, and the quotient complex is clearly isomorphic to 
—1 77 ■ I ^ 

Remark 3.15. It follows from Lemma [3.141 that, if i < r — 2, then P*(DR(5', r)) = Pjj^(Spf P) after 
inverting p. On the other hand, P''“^(DR(P,r)) is much bigger than Pjj()^(Spf P), since we take all 
differential forms modulo exact ones instead of closed ones. For example, if r = 1, r — 1 = 0, and 
P*^(DR(P, r)) is actually P, and not just the constants. 
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Let ^ be a semistable formal scheme over (i.e., locally of the form described in section 2.1.2 
with h = 1). Set JZ’x.tr = & being the divisor at infinity, and - the rigid analytic space 

associated to . Define 

RrdR(^A,iog^) := Rr(jr^",D-^a„(iog^)), 

where D^an(log^) denotes the (logarithmic) de Rham complex of If ^ is quasi-compact, we have 

RrdR(^A,log^) ~ Rr(jr,D'^^^,)Q := (holim„Rr(jr„,D*^^/^x J)q. 

Corollary 3.16. Let 3^ be a quasi-compact formal semistable scheme over (Lk- There is a natural map 

ar,, : 

It is an isomorphism for i < r — 1 and an injection for i = r. 

Proof. The very definition of syntomic cohomolgy gives us a natural map 

(holimjj Rrcr(.^, ^3CnlW„(k)l <^ari/W„(fe)))Q '^syn('^i^)Q 

from crystalline cohomology to syntomic cohomology. We claim that the domain of this map can be 
identified with analytic de Rham cohomology. Indeed, we have a natural map from crystalline cohomology 
to analytic de Rham cohomology 

(holim„Rrcr(J^„, ^jr„/w„(fe)/</.^i/w„(fe)))Q ^ (holim„ Rr( /J^''))q 

~ RrdR(J:'R,iog^)/F'- ^ RrdR(.rK,tr)/i^’' 

This is a quasi-isomorphism: the last map is an quasi-isomorphism by Lemma 13.171 below; the first map 
is a quasi-isomorphism since it suffices to argue locally and there we can use Lemma 13.141 
Hence we have a natural map 

i<r. 

By point (ii) of Proposition 13.121 it is an isomorphism for i < r and an injection for i = r. □ 

Lemma 3.17. For a semistable formal scheme 3F over Gk, the natural morphism 

RrdR(S)f, log S’) —5> RrdR(S)f,tr) 

is a filtered quasi-isomorphism. 

Proof. Let be the complex of meromorphic (along &) differentials [381 p.l7]. There is a natural 

morphism 

By |381 Theorem 2.3], this is a quasi-isomorphism: after some preliminary reductions, this amounts to 
showing that the usual integration works on essentially singular differentials. Since j : is 

quasi-Stein, we have Rj*D^^ 

We also have a natural morphism 

r : D^a„(log^) —> 

Integration causes no convergence issues here. In fact, the computations in [SSJ p. 18] go through in this 
case: there is a residue map Res : D^^n(=i=^) —>■ D^an(log^) such that Resr = Id. Integrating gives a 
homotopy between r Res and Id. Our lemma follows. □ 

Remark 3.18. One can compute syntomic cohomology of R = rather explicitly, and the result 
shows that ar^r is not necessarily surjective: in the case r = 1 below, there is an extra Zp appearing in 
In higher dimensions the difference is much more serious (see Remark 13.151) . 
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Denote by the intersection of with + P^F[Xo]p. We have = ^k- We will state the 
following proposition without a proof. 

Proposition 3.19. (i) For r > 2, we have 

{ ^syni^K’is -isomorphic to 0, 

^syni^K’^) is -isomorphic to 

is -isomorphic to 0. 

(ii) For r = 1, we have -isomorphisms 


4. SYNTOMIC cohomology and (v?, r)-MODULES 

Assume that K has enough roots of unity. Let u = {p — l)/p, v=p—liip>3, and u = |, u = | if 
p = 2. In particular, (l + > (l + ^ - ^)u > for all p. 

We use the isomorphism of filtered rings with a Frobenius to add an action of F/j on 

the complexes that we consider. This allows us to relate the complex Cycl(it!ro’^^,r), that we showed 
to be p'^’'-quasi-isomorphic, for a universal constant N, to our original syntomic complex, to complexes 
coming from the theory of (tp, r)-modules and known to compute Galois cohomology. In dimension 0, 
this amounts to relating the complex 


Kos((p,a,F’'A^’"]) 


F^A 


K 


(d,p‘^-(p) 


^r-lA^’"l 


'■K 


v/p] (p ^ [u,v/p] 


that we obtain from Cycl(rCT’"^, r), to the complex of Herr’s thesis |32) : 

Kos((/?,rif,A/f(r)) : Axir) —A/f(r) © Ai^(r)— °> Axir) , 

where tq = 70 — 1, and 70 is our topological generator of F/^. 

There are two main steps: 

— One gets rid of the filtration by dividing by suitable powers of t\ this turns the differential d into 
the action of the Lie algebra of F^j (Lemma 14.4|) . This looks similar to the construction in [10] , where 
[e] — 1 appears in the place of t (note that t/([e] — 1) is a unit in Acr). 

— One uses the analyticity of the action to pass from the Lie algebra of F^; to F^; itself (Lemma 14.51) . 
The rest is standard ((/?, r)-modules techniques to change the domains of convergence and move from 

p to Ap. 


4.1. Prom complexes of differential forms to Koszul complexes. To start, we are going to trans¬ 
form Cycl(i?ro’’^^, r) into a “Koszul complex” by expressing the differentials d : 
in suitable basis. Namely, we define wq = and coj = if 1 < J < d. If 

j = (ji,..., ji) e Ji = {0 < ji < • • • < A < d}, we set wj = A • ■ • A ujp , 

so that an element of F“r2g can be written uniquely as EjeJi 2;jWj, with xj G F°‘S. In other words the wj, 
for j G Ji, form a “basis” of F“Hg over F'^S; these are the basis that we use to describe d. In this way, d 
becomes a map, involving the differential operators dj, for 0 < j < d, from (F’’“*S')'^’ to (F’'“®“^5')'^‘+L 
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We denote by Kos(9, F'^S) the complex F^flg expressed in these basis and Kos(y), d, ) the complex 

Cycl(i?l^’"',r) written in the same way. By definition, 

Kos(a,F"F) = F^S {F^-^Sy^ ^ (F^-^Sy^ 

Kos{(p,d,F''Ryy = [ Kos{d, F^Rty ^ Kos{d, ]. 

and 

Kos((p,a,F’'i?M) ~ Cycl(FM,r). 

The arithmetic and the geometric variables behave quite differently in what follows, so it is convenient 
to separate them. Let J- C Ji be the set of j’s with ji ^ 0, hence 

y = {(ji: • ■ • >id), 1 < ii < • • • < id < d}, 

and let d' = {di,... ,dd)- We denote by Kos(9', F’'S') the subcomplex of Kos(9,F’’S') made of the 
{F''~'’Sy^. Then Kos(i9, F’'S') is the homotopy limi1@ 


Kos(9,F’'S') = [ Kos(5',F'-5') ^^Kos(9',F’'S') ], 
and Kos(</ 5, 9, is the homotopy limit 

Kos(9', F'-fI^’’'')- yzjyy .—^ Kos(9', 


Kos((^,9,F'-fM) = 


do 


do 


Kos(9', F’-iFfc’"') ^ Kos(9', 


We can now use the isomorphisms icyd : Fro’*'^ ~ and icyci : , which commute 

with Frobenius and filtration, to obtain a (tautological) quasi-isomorphism 


Kos(<^,a,F’-F|^’’'l) ~ Kos((^,9,F'-A^’"') = 


Kos(9',F''A^’’'') 


,] p -p tp 


Kos(9',A^’"/^') 


do 


R 

do 


Kos(9',F’-iA^’"') ^ Kos((9', A^’"/^') 


What we have achieved by this procedure is twofold: 

• we moved to the world of period rings, 

• we gained an action of T/j whose infinitesimal action is related to the differentials d by the very 
useful formula 

Vj := log7j = tdj, for 0 < j < d. 


4.2. Continuous group cohomology and Koszul complexes. Before we proceed, we will make a 
little digression on Koszul complexes (we will need explicit formulas). Consider the Iwasawa algebra 
S = Zp[[ri,..., Td]]. The Koszul complex associated to (ti, • • • , Td) is the following complex 

A(ti,--- ,Td) :=F(ri)§ZpA(r2)®Zp-'-®ZpA(rd), 

A(ri) := (0 ^ Zp[[Ti]] - 4 - Zp[[Ti]] ^ 0) 


^Strictly speaking, we should multiply do by p to have it defined, but we will ignore this as it does not change anything 
in the arguments that follow. 
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Here the right hand term is placed in degree 0. Degree q of this complex equals the exterior power /\g 5'^. 
In the standard basis 1 < H < ■ ■ ■ < iq < d, oi /\g S'^ the differential dj : /\g S'^ As~^ 

given by the formula 

(4-1) 

k=l 

The augmentation map S' ^ Zp makes K{ti, , tj) into a resolution of Zp in the category of topological 
S-modules. 

Let Zp[[r^]] denote the Iwasawa algebra of L^, i.e., the completed group ring 

Zp[[ry] :=^Zp[r'^/7L], 

where the limit is taken over all the open normal subgroups H of L^ and every group ring Zp[r'^/iL] is 
equipped with the p-adic topology. We have Zp[[r^]] ~ Zp[[ri, • • • , t^]], Tj := — 1, j G {1, • • • , d}. The 

Koszul complex K{ti, ... ,Td) is the complex 


0—-Zpry]"^ 



Zp[[r'«]] 




Zp[[ry]^ 


0, 


with differentials given by formula 14.11 It is easy to see (for example, by induction on d) that this is a 
resolution of Zp in the category of topological Zp[[r'^]]-modules. Similarly, we define the Koszul complex 
K{t^, ... ,T^) (with differentials d“), rj := 7° — 1, c = exp(p®). Since (7^), 1 < i < d, is a basis of T^, 
this is also a resolution of Zp. 

Set A := Zp[[rfl;]] (recall that we have an exact sequence 1 —j> T^ —^ T/j —^ Tk —t 1). Consider the 
complex K{A): 

0-^ AJ'. .^ ^ A^o-^ 0 , 

By [3H Lemma 4.3], we have the isomorphism k/ ij" kY'^\ ,Td)) — K{A) of left 

rn” 

A- and right Zp[[Ti,--- ,r^jj-modules. It follows that the complex K{A) is a resolution of Zp[[rif]] 
in the category of topological left A-modules. Similarly, we have the complex K^{A) (obtained from 
K{t^, ■ ■ ■ ,rj)) that is also a resolution of Zp[[rif]]. 

We define the map 

To : KYA) ^ KiA) 

by the following commutative diagram of topological left A-modules 


0 


0 


A-^d 


A^'d 


. A^i 


A- 


A- 


^pIYk]] 


d 

1 

0 

^0 


^0 

P 4-1 4 . 

j/ dQ 



70-1 


Zp[[ric]] 


0 


0 


The vertical maps are defined as follows 

I’d = 70 - 1 , : (aii...^J i-A (aii...i,( 7 o - i 5 q...*J), l<g<d, l<ii<---<ig<d 

<5*1...i, = <5i, • • • <5*1, = {'ll - l)(7ii - 1)”^ 


Note that 


makes sense since jj 
complexes note that 


7|-1 

7i - 1 


E 

n>l 


(7, -1)^ 


1 is topologically nilpotent. It is a unit in Zp[[r^]]. To see that tq is a map of 


(70 -< 5 ii...ij =t“<^_i 


Li^O^ii 


•T.-l T.-l 

2g_l Iq 
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as the Tj’s commute for j e {1, • • • , d}. 

Set K{A,t) := [ K‘^{A) — K{A) ]. Since we have the exact sequence 


0 




the complex K{A,t) resolves Zp in the category of topological left A-modules. 

For a topological F/i-module M, denote by Kos(r'^,M) the complex 

Kos(r',j, M) := HomA,co„t(if(A),M) = HomA(if (A), M) 

(which we will also call the Koszul complex). Similarly, we define the Koszul complex Kos°(r'pj, M) using 
the resolution K^{A) of Zp. In degree q of these two complexes there are (‘^) copies of M. If this does 
not cause confusion we will write the Koszul complexes Kos(r^, M) and Kos'^(r'^,M) as 

Kos(r'^, M) = M -^ Kos^(r^, M) = M - s- 

The map tq : K‘^{A) — ?> K(A) induces a map of complexes 

To : Kos(r'^, M) Kos‘=(r^, M) 
which we represent by the following diagram: 


MJo 


1 ' 

M-’o —^ 






Set 

Kos(rjj,M) := HomA,cont(K(A,T),M) = [ Kos(r'^,M) Kos"(r'^,M) )] 

Let X, denote the standard complex [JU V.I.2.I] computing the continuous cohomology Rrcont(A, M) := 
HomA,cont(Ar., M). We have Xn = A(8)T”A, where T" denotes the completed tensor product. Let Y. 
denote the standard complex computing the group cohomology of F^;: we have Y„ = T”+^(Zp[r/j]) 
and Rr(r_R,M) = Homz^pH] (Y., M). Continuous group cohomology Rrcont(r_R, M) is computed by 
the complex HomZj,[rH],cont(K., M) of continuous cochains. The continuous map Y, — X, induces a 
morphism HomA ,cont{X.,M) —>■ HomZp[rB](Y.,M) and hazard shows [42l V.I.2.6] that Mahler’s the¬ 
orem implies that this morphism factors through HomZp[rH],cont(K,, M) and indnces an isomorphism 
HomA,cont(-A.,M) HomZp[rB].cont(^., Af). Hence Rrcont(A,M) Rrcont(rR, M). By choosing a 
map between the two projective resolutions K{A,t) and X, of Zp (by [321 V.1.1.5.1] such a map ex¬ 
ists between any two projective resolutions and is unique up to a homotopy) we obtain a functorial 
quasi-isomorphism (unique in the derived category) 

Kos(rfl,M) 4Rreont(A,M) 

Adding up, we have obtained a quasi-isomorphism 

A : Kos(rfl, M) 4 Rrcont(rR, M). 


4.3. (</?, 9)-modules and (</?, r)-modules. If 






set 
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Write S{r), S'{r) for the Fi^-module S, S' with the action of twisted by y’'. Define the complex 


Kos((/3,rfi,5'(r)) := 


Kos{r'^, S{r)) 


Kos^(r'^,5(r)) 


i-ip 


i-v 


Kos{T'^,S'{r)) 


Kos^(r^,y(r)) 


Proposition 4.2. There exists a universal eonstant N and a natura^^ -quasi-isomorphism 

T<rKos(v3,rfl, A^’"'(r)) ~ T<rKos((^, 9, 

Proof. Denote by Kos(Lier^, A^’’'^(r)) the complex 




[u,v]. 


A 


-R \r) - 




with differentials dual to those in formula 14.II (with tj replaced by V^). Consider the maps 

Vo : Kos(Lier'«, A^’"'(r)) ^ Kos(Lie r'«, A^’"'(r)) 


defined in the following way: 

Ag’”V) 

Vo 


(W) *[«,!;]/ 


'■R 


'■R 


(r) 


(V,- 




Vo+p* 

J'l 


lu,v] / A’l 

A W 


Vo+gp* 
J'„ 


Define the complex 


Kos(v5,Lier/i, A^’’''(r)) := 


Kos(Lier^, A^’"'(r)) 


'•R 


l-(p 


(r) 


R’ ^R 
Vo 


Kos(Lie r^, A^ 

Vo 


u,v/p] 


Kos(Lier'^, A^’^'(r)) Kos(Lier'^, 


(r)) 


(r)) 


Our proposition follows from Lemma [4.41 and Proposition 14.51 below. □ 

Remark 4.3. The Lie algebra LieL'^ of the p-adic Lie group L'^ is a free Zp-module of rank d: LieL^ = 
Zp[Vj, 1 < j < d]. It is commutative. The Lie algebra LieTfl of the p-adic Lie group Tfl is a free 
Zp-module of rank d + 1: LieT/j = Zp[Vj, 0 < j < d]. We have [Vj,V/] = 0, 1 < j,l < d, and 
[Vj, Vo] = p'Vj, 1 < j < d. One easily checks that the above Koszul complexes compute Lie algebra 
cohomology of LieT^ and LieT/j with values in A^’'^^(r). That is, we have quasi-isomorphisms 

Rr(Lier'«, A^’"l(r)) Kos(Lierij, A^’"l (r)), 

Rr(Lierfl, A^’“l(r)) ~ [Kos(Lierii, A^’"'(r)) ^ Kos(Lierii, A^’"l(r))]. 

This implies that 

Kos(p,LierH, A^’"](r)) ~ [Rr(Lieri„ A^’"](r)) Rr(Lier'«, A^’"l(r))]. 

By Lemma 12.111 multiplication by P induces p^’’-isomorphisms 

~ FA^’"] and ~ 

If F = A^’’'^, and if we twist the Galois action by y’’ on the source (i.e. replace S' by S(r)), then 

multiplication by becomes Galois-equivariant. 


10 


We use “natural” to mean “defined by universal formulas”. 
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Lemma 4.4. (i) There is a natural -quasi-isomorphism 

r<rKos(v?,Lierfl;, A^’'"'(r)) ~ r<^Kos((/?,5, 

(ii) There is a natural p^^^-quasi-isomorphism 

T<rKos((^,Lierij, A5^’'"'(r))„ ~ r<rKos(v5,5,F’'A^’’'')„. 

Proof. We will present the proof of the first claim. The proof for the complexes modulo p" is similar and 
we will just point out the key point where it differs. 

We first construct p^’'-quasi-isomorphisms 

T<rKos(Lier^, S{r)) ~ T<rKos(9', F^S), 

via the following diagram (with the convention S = S for all j, if S' = 


S(r) S(r)“'i 


F^S 


> 

(Vj) 


F'-S-^i 


t“=Id 


Frg — {F-^-^Sy'^ 


syy^ — ^s{ry^+^ 


F^S-^'r -^ F''S-^-+i 






The top vertical map, being multiplication by F, is a p^''-quasi-isomorphism. For the same reason, the 
bottom map is a p‘^’'-isomorphism in degree < r and injective in higher degrees. (Note, however that 
it is not a p^-isomorphism in degree > r + 1 (for any N), which explains why we have to truncate at 
degree r.) In the case of complexes modulo p", the above argument works (with double exponents in 
the error terms) since, by Lemma [2. Ill t is divisible in S by at most p^ (hence multiplication by is 
p^(’’“'"i)-injective). Compatibility with Frobenius and with do gives us a p^®’’-quasi-isomorphism between 


T<7’ 


Kos((9',F''A^’’'‘) 


do 


Kos{d',F^-^A^yy 


■Kos(a',A^’"/^') 

do 

■Kos(a',A^’"/P') 


and 


T<r 


Kos{UeTyA^y^\r)) 

Vo 




Kos(LieF)j, aI^ 
Vo 


.f/p] 


W) 


Kos(Lier)j, A^’"'(r)) ^ *^1 Kos(LieF'^, A^’"/^'(r)) 

This last complex being p’’-quasi-isomorphic to r<rKos((p,LieF/i, A^’’'^(r)), our lemma follows. 
Proposition 4.5. There exists a natural quasi-isomorphism 

F^az : Kos(p,r_R, A^’'"'(r)) ^ Kos(<p,LieFfl, A^’’''(r)) 

Proof. If M = A^’’'^(r), A^’’^^^^(r), consider the map (3 : Kos(r)j,M) Kos(Lier)j, M): 


□ 


M ■ 




Id 


M ■ 


(Vj) 


/3i 




. M-^2 - 
02 

■ M* - 
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with 

Pq ■ (oii-ij (V*, I < q < d. 

Similarly, we define the map /3° : Kos°(r'^,M) —>• Kos(Lier'^, M) as: 


M 


(7J-1) 







' ’ 


M —^ 


Here 

/?s = Voro-\ PI : ^ (V., • • ■ V.,VorQ-V^’-' • 1 < 9 < d. 

Lemma 4.6. T/ie maps /3 and /3'^ are well-defined isomorphisms. 


Proof. We will treat the map /3 first. Since, for j,k G {I,-'" )d}, ^ = (Vj/Tj)(Vfc/rfc), it 

suffices to show that for S = or and for j G {I,-- - ,d}, the map Vj/rj : A A is a 

well-defined isomorphism of S{r). Write 

log(l + A) ^ ^ ^ ^ ^ ^ =i + t,X + 62^2 + ... 

X log(l + A) 

We have Vp{ak) > for all k (immediate) which implies that Vp{bk) > for aU k. 

Now, Tj = {-fj — 1) if 1 < j < d, and tq = c’'jo — 1 = (c’' — 1)70 + (70 — 1) (the c’' comes from 
the fact that we are in S{r), not S). Since c’' — 1 is divisible by p^, one infers from Lemma 12.341 
that Tj{S{r)) C ~^^~^\p,'kI°YS{ r). It follows that, since (l -b -—the series 

1 -b aiTj -b a 2 T^ -b • • • and 1 -b biTj -b 62'rj -b • • • converge as series of operators on S{r), and the limit 
operators are inverse of each other. As the first one is this allows to conclude that Vj/rj is an 

isomorphism of S{r) for 0 < j < d. 

That settles the case of /3. Let us show that the map /3^, for 1 < 9 < d, is a well-defined isomorphism, 
i.e., that the maps Vi^ • • • 1 < ii < ■ ■ ■ < ig < d, are well-defined isomorphisms. 

We can write the last map as (Vi^^/ri^) ■ • • (Vi^/rij)Ti,j ■ • • Ti^ Hence, by the compu¬ 
tations done above, we are reduced to showing that the map ■ ■ ■ Tii is well-defined 

and an isomorphism. 

We have 


n, ■••T.iVoTo 




kc, — l c, — l 

. . . -T". 

ll Iq 


kGN 


The formula 


(7“ - l)(7o-a;) = (70-a:(5(7“))(7“^''- 1), Klj) ■= ^/c 


7“-l 


7,' -1 


o/c''-Aw a/p 


yields 

(7“ - l)(7o - 1)" = (70 - d(7“))(7o - . (70 - d(7“) • - 1) 

Hence we can write 


n, • • • n ,(70 - fo • • ^ = (70 - 4) • • • (70 - 4)- 


7^-1 7^-1 

hn 


= (70 - 4) • • • (70 - 4)4, 


where Sj G 1 -b (p^, (71 — 1), • • • , (7d — 1)) (because c — 1 is divisible by p^). 
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Writing (70 — (5^ ) = (70 — 1) + (1 — i5j), one concludes that 

n, • • • Ti, (70 - 1)G (p^ 70 - 1 ,..., 7d - I)''. 

It follows that the series of operators X^fceN • • •Tij((c’' — 1)70 + (70 — converges, 

which shows that ‘well-defined. The same arguments show that the 

series of operators ''' '’'h ~ l) 7 o + (70 — ' ‘ ’ converges and the sum is the 

inverse of the previous operator. 

This proves the lemma. □ 


Remark 4.7. By Remark 14.31 the above isomorphisms can be written as a quasi-isomorphism 

(/ 3 ,/ 3 ^) : Rreo„t(rfi,M) 4 Rr(Lierfl,M). 

Hence this is a (very simple - almost commutative) example of integral hazard isomorphism between 
Lie algebra cohomology and continuous group cohomology for p-adic Lie groups (see [33] for a detailed 
treatment of integral hazard isomorphism and [59] for an analytic (rational) version of the hazard iso¬ 
morphism) . 


The above maps yield the following isomorphism of complexes (where M = (r) and M' = 


[u,v/p\ 


(r)): 

Kos(Lier'^,M) 

Vo 

Kos(Lier'^,M) 


i-ip 


1-99 


Kos(Lier'^,M') 

Vo 

Kos(Lier'^,M') 




Kos(r^, M) 


Kos“(r)j,M) 


1-tp 


1-IP 


Kos(r'^, M') 


■ Kos^(r)j, M') 


Set ^az := (/3,/3‘^). This fullfills the requirements of Proposition |T3| 


□ 


4.4. Change of annulus of convergence. 


Lemma 4.8. The natural map 

Kos((p,rfl, A^’'''+(r)) Kos((p,rpj, A^’"’'(r)) 

is a quasi-isomorphism. 

Proof. Use the isomorphism ~ which defines A^®'^° to translate everything into the language 

of anlytic functions. It suffices to prove that the map 1 — p : —>• is an 

isomorphism. 

First note that the natural map (induced by the inclusion of 

into is an isomorphism (injectivity is true because elements of the kernel are analytic functions 

which take integral values on ^ < Vp(Xq) < ^ and which extend to analytic functions taking integral 
values on 0 < Vp{Xo) < hence belong to and surjectivity - because -f 

as is clear from the definitions). Denote by M the module by the above 1 — ip can be 

considered as an endomorphism of M. 

Now, an element x of can be written as a; = p [ ^%o] ■> Xk G going to 0 

p-adically. So p{x) = SfcgN p{xk) ( p[pff/eoi and, since [pku/eo] - [ku/eo] > 1 if 

[ku/eo] 0, we see that p{x) G hence p{M) C pM. 

To conclude, it remains to check that M does not contain p-divisible elements. Let be a 

collection of elements of i?+ whose images form a basis of i?+/(p, Aq) over k = r^_^/(p, Aq). Then 
{ei)i^i is a topological basis of over and of over Writing everything in the 
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(ei)ig/ basis, reduces the question to proving that has no divisible element. This is rather 

obvious if you look at Laurent expansions. □ 

4.5. Change of disk of convergence. 

Proposition 4.9. The natural map 

Kos((p, T/j, ^ Kos((p, Tr, Ar^t)) 

is a p^-quasi-isomorphism 

Proof. We will use the quasi-isomorphisms with i/)-complexes. The proposition is a direct consequence of 
Lemmas 14.101 and 14.121 below. □ 

Set i = p^~^. From Proposition 12.161 we know that is stable under the action of ip (we 

have £ > Ir). For S = Ar, let Kos^ip, Tr, S{r)) be the complex: 


Kos(r'^,^-^,S(r)) 


t/;—1 


To 


Kos(r^,7r-'5(r)) 


W '4 
To 


'lp — 1 


Kos'=(r'^,^-^^(r)) 


Kos{'ip,TR,S{r)) := 

Kos%r^,7r-^S{r)) 

(For S = Ar, there is no difference between Tr~^S and S.) 

Lemma 4.10. If S = Ar,A^°-^^+, the natural map 

Kos{ip,Tr, S{r)) Kos{ip,TR,S{r)), 

induced by the identity on the first column and 'll) on the second column, is a -quasi-isomorphism. 

Proof. The arguments are the same in both cases, but the case S = is a little bit subtler (because 

of the difference between Tr~^S and S), so we will only treat that case. 

The quotient complex is annihilated by since so is (by Lemma r2.35|) . It remains 

to check that the kernel complex 


-{r)vn 


[Kos(r'^,(A^ 

is p^-acyclic. Now, according to Proposition 12.161 we have a -isomorphism 

(A^.Vp]-H(^))V’-o _ 0 (p(A^’’''+)[a;“], where [a:“] = ( 1 -f 7 ri)““[a;f] 

aG{0,...,p—, cty^O 

Hence, up to we can replace the kernel complex by 

0 [ Kos(r'^,(p(A2’'''+)(r)[a:“]) Kos^(r^, p(A2’’''+)(r)[a;“]) ], 

aG{0,...,p—Qf^O 

and we can treat the complexes corresponding to each a separately. There are two cases: 

• ccfe 0 for some k ^ 0. We claim that then Kos(r^, (^(A^’’'^''’)[a;“]) and Kos'^(r^, :^(A^’’'^''’)[a:“]) 
are p^-acyclic (the twist by (r) has disappeared because the cyclotomic character is trivial on F^). As 
the proof is the same in both cases, we will only treat the first complex. Write it as the double complex: 


^(A^°’’'l+)[x° 


7fc-l 


^(A^°’“l+)[a:° 


( 73 - 1 ) 


> ipiA^^^+y" [x° 


7fc-l 


( 73 - 1 ), 




-A ^(A^°’"’ + )^ 2 '[^«] 


7J!-1 


-A 


A • ■ • 
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where the first horizontal maps involve 7j’s with j ^ k, 1 < j < d. Now, we have: 

ilk - 1) • = (^(7riG(j/))[a;“], 

where 

Giy) = (1 + 7ri)“'‘7rj“^(7fe - l)y + 7rj“^((l + - l)y. 

(We use the fact that 7fc([a;“]) = = :p((l + 7ri)“'=)[a;“].) 

Now, G is TTi-linear and, since (7^ — 1) is trivial modulo 7r“'^”“^7r (cf. Corollarv l2.33ll . it follows that, 
modulo TTi, G is just multiplication by ctfe, since 7r^”~''^7ri divides tt ('Lemma l2.35l) . Hence G is invertible. 
It follows, that 7fe — 1 is injective on and, since ^ G that the cokernel of (7^, — 1) 

is killed by . 

• ak = 0 for all fc 0, and ao 7^ 0- Then to prove that the kernel complex is p^-acyclic, we will prove 
that To : Kos —Kos'^ is injective and the cokernel complex is killed by p^. This amounts to showing the 
same statement for 

70 - ^*1 ■■■Si,: (p(A^’"'+)[a;“](r) ^ (p(A2’’''+)[a;“](r), 6^^ = 

'3 

We have 

(70 - <5*1 • • -<5^,) • {p{y)[x°‘]){r) = (cX7o(2/))(l + 7r)P ‘ [a;“]) (r) - ■■■Si, •y)[x“])(r). 

So, we are lead to study the map F defined by 

F = c’’(l + 7ri)“7o - ■ Si,, where a = p~\c - l)ao S Z*. 

Now, c’' —1 is divisible by (l + 7ri)“ = I + utti mod tt^, and Si.—lG {-ji^ —l)Zp[[7i^. —1]]. Hence, we can 
write 7rj“^F in the form = a+7rj“^F', with F' £ (p^,7rf,7o —1,... ,7^ —l)Zp[[7ri,r/{]]. It follows from 

Lemmas 12.351 and 12.341 that there exists A > 0 such that tt^^F' = 0 on for all 

A: £ N. Hence 7rj“^F induces multiplication by a on 7r^A^’”^~'’/7rj^'''^A^’’^^~'' for all fc £ N, which implies 
that it is an isomorphism of and proves what we want since tti divides p^ by Lemma l2.35l □ 

Remark 4.11. If a £ {0,1,... ,p — 1}[°’'^1, let = a:“(p(E^). The above proof shows that there exists 
A > 0 such that is the multiplication by aj on Ma, for all fc £ Z. Hence, if Uj ^ 0, 

then 7j — 1 is invertible on a;“(p(E/{) and (7^ — 1)“^ ■ C 7r“^7r^^M q,, for all fc £ Z. In view of the 

relationship between Koszul complexes and group cohomology, this implies that Fl^{TMa) is killed 
by TT, for all fc £ Z, and a 7^ 0. 

Now, we defined maps Ccyci.a on (cf. Proposition [275]), and it follows from ProDOsition l2.15l fusing 
icyci to transfer the result to An), that Ccyci,a(77f^E^) C As a; i-A {ccyci,a{x))a^o gives 

an isomorphism between E^“° and ©a^o<E“<p(E7i), commuting with the action of P/i, we infer that 
H^iTn, (7rP'=E+)’^=°) is killed by for all fc £ Z and i £ N. 

Lemma 4.12. The natural map 

Kos(V', Pr, A2’’''+(r)) Kos(V', Pr, AR(r)) 

is a quasi-isomorphism. 

Proof. The map is injective, so we just have to check that the quotient complex is acyclic. Since Ar 
is the completion of A^’’'^''’[7r“^] with respect to the p-adic topology. Proposition 12.161 implies that 
ij} : Ar/tt^^A^’"^''' —Ar/tt^^A^’’'^''’ is (pointwise) topologically nilpotent, hence 1 — -(/i is bijective. It 
follows that 1 — 'i/' is bijective on Kos(P'^, Ar/ttC^A^’”^"'') and Kos“(P^, Ar/ttC^A^’’'^''’). This allows to 
conclude. □ 

4.6. Passage to Galois cohomology. 
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4.6.1. Galois cohomology of R. Let Roo be the integral closure of R in the sub-i?[|]-algebra of i?[b] 
generated by \ for all m > 1. We have Rod C Rod and, by Abhyankar’s Lemma 

(Lemma 15.81 belowl. R is the maximal extension of Rod which is etale in characteristic zero. 

Let L/j = Gal(i?oo[l/p]/.R[l/p])- Then L/j is a quotient of L/j and the kernel Li of the projection is 
isomorphic to particular, it is of “order” prime to p. 

The algebra i?oo[^] is perfectoid; let Let be its tilt, and let E~ be its ring of integers (it is the 
tilt of Rod)- Finally, let = VF(E^^); this is the fixed points of A-^ by Gal(i?[b]/i?oo[^])- 

Proposition 4.13. (i) The exact sequence {2.24^ induces a quasi-isomorphism 

[ RTeontCG^j, A^(r)) Rrco„t(Gjj, A;^(r)) ] ^ RTcontCG^j, Zp(r)). 

(ii) The inclusions A^j^ C An'^ C A-j^ induce quasi-isomorphisms 

Th ■ RTcontlTR, A/{^ (r)) ^ Rrcont(rR, A^^ (r)) ^ Rrcont(G/j, A-^(r)). 

(iii) The inclusion An C Ar^ induces a quasi-isomorphism 

Rrcont(rR, AK(r)) RFcontCTfi, Afl^(r)). 

Proof, (i) is immediate. The first quasi-isomorphism in (ii) follows from the fact that Ti is of order prime 
to p, and the second follows by almost etale descent as in [181 3.2,3.3], [H §2], [H §7]. Finally, we will 
prove (iii) by an adaptation of the usual decompletion techniques as in m Theorem7.16], [57] . 

By devissage, it is enough to prove the statement modulo p, in which case the twist disappears and 
Ar, Ar^ are replaced by E/j, E^j^. Now, E^^ is the completion of the perfectisation (p“°“(E/i) of E/j. 
But E/j = (p(E/{) © E^“° = (p^(Efl) © (p(E^“°) © E^“° = • ■ ■, which gives us that 

(p-"(Efl) = Efl © ip-\Etr°) ® • • • ® 

Hence we can write an element x of (p“°°(E/{), uniquely, as a; = so(a;) + X]ra>i with so(a;) G E^ 

and s*(x) G (p“”(E^“°) if n > 1, with s*(x) = 0 for all but a finite number of n’s. 

The map E/j-linear map s„ = so + s*-|-ts* is the normalised trace map from (p“°“(Efl;) to ip~'^(Er). 

On (p“"“^(E/{) it is given by the formula o i/;” o which shows, using (ii) of Proposition 12.161 

(or rather its reduction modulo p), that 

s„(p-"+'=(E+)) C C 7r-^>-(E+); 

hence the s„’s are a uniform family of uniformly continuous maps (p“°°(E/{), and they extend to E^j^, 
and any element x G E^^ can be written, uniquely, as a; = so(a;) + with so(a;) G E/j 

and s*(x) G (p“"(E^“°) if n > 1, with s*(a:) ^ 0 when n —)■ oo (this last condition means that 
Sn{x) G 7r^"(p“"((E^)’^=°), with fc„ —)• +oo). In particular, this gives a Ffl-equivariant decomposition 
E/j^ = E/j © Z (sending x to (so(a;), x — So(x))). 

Now, if c is a continuous cocycle on F/j, the same is true of the s* (c), and there exists some N such 
that s*(c) has values in 7r“'^~''^"(p“”((E]^)b=0), with kn > 0 and fc„ —>■ +oo. But Remark 14.111 tells 
us that (p”(s*(c)) is the coboundary of a cochain with values in 7rf Hence 

if we set M = N -\- p^ -\- Sr, it follows that s*(c) is the coboundary of a cochain c„ with values in 
7 r“^'''^"(p“”((E^)b=0), and c — so(c) is the coboundary of X]n>i hence //^(Fr, Z) — 0. 

This concludes the proof. □ 
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4.6.2. The map 

Theorem 4.14. Assume that K contains enough roots of unity. There exist universal constants N and 
Cp such that there exist -quasi-isomorphisms, 

: T<rSyn(i?,r) ~ T<^Rrcont(G/i, Zp(r)), 

afr : r<rSyn{R, r)„ ~ r<,Rreo„t(Gfl, Z/p’^(r)). 

Proof. We will argue integrally - the case modulo p" being analogous. Section [3] provides us with a 
“quasi-isomorphism” (in degrees < r as, in larger degrees the constants become too large) 

Syn(i?,r)c.Cycl(RM,r). 

Choosing a basis of and using the isomorphism ~ i change Cycl(i?ro’’'^, r) into a Koszul 

complex and obtain the isomorphism (see §113]): 

Cycl(R[^’’'l, r) cs Kos((^, a, F” A^’"l). 

Then, multiplying by suitable powers of t, we can get rid of the filtration fLemma 14.41) (in degrees < r; 
this is the only place where the truncation is absolutely necessary), and change the derivatives into the 
action of the Lie algebra of Lr, to obtain: 

r<rKos(v?,9,F’'A5^’'"') ~ r<rKos((p,LierR, A^’"'(r)). 

Standard analytic arguments change this into a Koszul complex for the group fLemma 14.51) : 

Kos(:/j,LierR, A^’"'(r)) ~ Kos((^, Lr, A^’’''(r)). 

Then, using (</?, r)-module techniques, we get a string of “quasi-isomorphisms” fLemmas 14. 81 14.10114.121) : 

Kos(¥>,rR, A^’"](r)) c. Kos(:^,rR, A^°’"]+(r)) ~ Kos(V^,rR, A^°’"]+(r)) 

~ Kos(?/',rR, AR(r)) ~ Kos(v5,rR, AR(r)). 

General nonsense about Koszul complexes (see MM gives us a quasi-isomorphism: 

Kos(v?, Lr, AR(r)) ~ [ Rrcont(rR, AR(r))-^ Rrcont(rR, AR(r)) ]. 

Finally, general (:p, r)-module theory fProposition 14.1^ gives a quasi-isomorphism: 

[ Rrco„t(rR, AR(r)) Rrcont(rR, AR(r)) ] ~ Rrcont(GR,Zp(r)). 


□ 

Remark 4.15. Quasi-isomorphisms between continuous Galois cohomology and Koszul complexes of the 
type 

Kos((^, Fr, AR(r)) ~ RF 

cont (GR,Zp(r)), 

that we have proved above, were derived before in the case of local fields with imperfect residue fields by 
Morita [44] (for torsion representations) and Zerbes [67] (for rational representations), and in the case of 
perfect residue field, but with a complex similar to our complex for d = 1, by Tavares Ribeiro |60] . They 
are all generalizations of the complex from Herr’s thesis [32] . 
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4.7. Comparison with local Fontaine-Messing period map. The aim of this section is to prove 
that our period map coincides with that of Fontaine-Messing. We will first recall the definition of the 
latter. 

Let denote the log-PD-envelope of in A^j.{R)n (8 compatible with the PD-structures on 
Acr,n and We have E^^ = /p"^, where E^ is the ring appearing in Lemma [2.381 hence 75^° 

has a natural action of Gp (trivial on R^) and a Frobenius p compatible with the Kummer Frobenius 
on R+. 

Diagram (12.3|) extends to the following diagram of maps of schemes. 



Spec£;^° 

^ R,n 


Spec Rn^ 



Spec(Acr(i?)„ 0 i?i) 


Spec R™^ 



Spec ^ Spec r+ 


As always, the bottom map is defined by Xq i—>■ w. 

Set DgPD := E^^ ®r+ „ ^r+ „• r e N, we filter the de Rham complex fl^pD by subcomplexes 




‘ePd — - 

Define the syntomic complexes 


Syn(i?,r)„ := [FWl^po ^ ^ > Li^PD ]. 

R,n R,n 

For a continuous G_R-module M, let C{Gr, M) denote the complex of continuous cochains of Gr with 
values in M. One defines the Fontaine-Messing period map 

d™ : Syn(i?, r)„ ^ C{Gr, 7./p^{r)') 

as the composition 

Syn(i?,r)„ = [FWl^po ^ G{Gr, [F'TI^pd ]) 


^ G{Gr, [F'^A„{R\ 


P -'P 


>A„(R)n])^C(GR,Z/p"(r)') 


The second quasi-isomorphism above follows from the Poincare Lemma, i.e., from the quasi-isomorphism 

F^A„(R)n ^ FW!^pd , r > 0, 

R,n 

proved in [63l Lemma 3.1.7] (cf. also Lemma [2.371) . 

The following theorem allows us to pass from the local Fontaine-Messing period map to the hazard 
type period map we have defined in sections 3 and 4. 


Theorem 4.16. If K has enough roots of unity, the map d™ is -equal to the map d^^ from 

Theorem \4-I4\ 
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Proof. Choose u, v as usual. The equality of the two maps follows from the commutative diagram below 
(where we did the p-adic version for simplicity). The objects and maps of this diagram are described 
after the diagram. It will be clear from this description that Kq^^{F''R f^) = Syn{R,r) and that d™ is 
exactly the map obtained form the quasi-isomorphisms in the first row (except for the fact we should get 
C'G(Zp(r)') instead of Cc{Zp{r)), but the two are ^’’-isomorphic), whereas is obtained by composing 
the quasi-isomorphisms forming the lower boundary of the diagram. Tildas in the diagram denote maps 
that we have proved above to be p^’’-quasi-isomorphisms or that are known to be such. Little diagram 
chase shows that this implies Theorem 14.161 □ 






CciKaAF^E^'')) ^ Cg{K^{F'-A,,{R))) < Co{Zv{r)) 




AS 


CaiKaAF^E]^''^^)) ^ Cg(I^^(T’'a|’’’')) ^ CG(A^(Af’'>+(r))) ^ CG(A^(A«(r))) 

H fJ-H I MH 

Cr(KaAF^E^-f:^)) ^ Cr(A4F’'A^;:')) ^ Cr(A^(A«^(r))) 

Moo Moo Moo I Moo 

Cr(Aa,^(F’’4“’’'')) ^ Cr(A^(F’'A^“’’'')) 4- Cr(KA<’^^^{r))) Cr{K^iAn(r))) 


i^a.^,r(T’'4’’'') A^,r(F’'A^“’’'') -A^,r(A),“’’"+(r)) K^A^Ar)) 


*-R 
X 

( 0 , 1 ;]+/ 


^az 


^az 


££az 


if9,^,Lier(T’’4’’'') 4- A^,Lier(C’'A^’’'') +4 ^..,Lier(A^’’’>(r)) 


tVT<r 




In the diagram: 

• G and T are Gr and T/i, 

• Gg or Cr denotes the complex of continuous cochains of G or T, 

• K denotes a complex of Koszul type: 

— the indices indicate the operators involved in the complex: 

o 5 is a shorthand for [Xq-^^, ..., Xdg^), 

o r is a shorthand for (70 — 1 ,..., 7 d — 1 ), where the 7 i’s are our chosen topological 
generators of T, 

o LieT is a shorthand for (Vq, ..., Vd), where Vi = log 7 i, so that the Vi’s are a basis 
of LieT over Zp, 

o 9 a is a shorthand for ((1 -b T)-^,Xiq^j • ■ •, ^dg^), viewed as operators on 
or via the isomorphism icyd : R^A'"^ — 

— only the first term of the complex is indicated: the rest is implicit and obtained from the 
first term so that the maps involved make sense: (p does not respect filtration or annulus of 
convergence, and d or 9 a decrease the degrees of filtration by 1 . 
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For example, choosing a basis of transforms complexes involving differentials into complexes 

of Koszul type: Kum(S', r) = Kq^^{F'^S) if S' = or 

Let us now turn our attention to the maps between rows. 

• The maps AS and FES originating for the upper right corner come from the fundamental exact 
sequences of Lemma \2 .231 and Artin-Schreier theory of Proposition 14.131 

• Going from first row to second row just uses the injection i?™ C 

• Going from third row to second row is the inflation map from F/j to Gn, using the injection 
Roo C R. Note that we could use almost etale descent (i.e. Faltings’ purity theorem or its 
extension by Scholze or Kedlaya-Liu) to prove that it is a quasi-isomorphism. 

• Going form fourth row to third row just uses the injection of R into Roo- We could prove that 
this induces quasi-isomorphisms using the usual decompletion techniques, but we do not need it 
for the theorem. 

• The maps A connecting the fourth row to the fifth are the maps connecting continuous cohomology 
of F/j to Koszul complexes; they are defined in 1) 14.21 

• All the maps Si'az connecting the sixth row to the fifth are defined as in Lemma 14.61 and Re- 

mark HTTl The same lemma shows that they are well-defined isomorphisms. (In the fourth column, 
.^az is composed with the canonical map —)■ this is just to save space and not add 

an extra column.) 

• The maps t’ connecting the last row to the sixth are the maps appearing in the proof of Lemma l4.4l 
(multiplication by suitable powers of t). 

Finally, let us describe the maps between columns. 

• The maps from the first column to the second are induced by the natural injections of rings; the 
PL-map is a quasi-isomorphism by Lemma 13.111 

• The maps from the third column to the second are also induced by the natural injections of rings; 
the PL-map are quasi-isomorphisms by Lemma |2.371 (for the first 6 rows) and Lemma |3.Ill (for 
the last row). 

• From the fourth to the third the map is multiplication by G (as explained before Lemma 14.41) , 
composed with inclusion of rings. 

• From the fourth to the last the map is just inclusion of rings. 

5. Global applications 

Unless otherwise stated, we work in the category of integral quasi-coherent log-schemes. We will denote 
by the scheme Spec(^A) with the trivial, canonical (i.e., associated to the closed point), 

and (N —>• 0k^ 1 0) log-structure, respectively. 

5.1. Syntomic cohomology and p-adic nearby cycles. 

5.1.1. Definition of syntomic cohomology. Let A be a log-scheme, log-smooth over 0k. For any r > 0, 
consider its absolute (meaning over 0f) log-crystalline cohomology complexes 

RF„(A, . = Rr(Aet,RMx„/M/„(fc)*^Al/w„(fc))> Rr„(A, .= holim„Rr„(A, 

where wx„/VT„(fc) : (A„/lU„(fc))cr —>■ A^t is the projection from the log-crystalline to the etale topos and 
c^x\wn{k) divided power of the canonical PD-ideal ( for r < 0, by convention, 

jw (fc) •“ we will often omit it from the notation). 
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We have the mod p” and completed syntomic complexes 
Rr,yniX,r)n := 

Rrsyn {.X , r) ! = holim.^ Rrsyn n ■ 

Here the Frobenius p is defined by the composition 

ip : Rr„(x, ^ Rr„(x„) ^ Rr„(Xi/^^)„ 4 Rr„(Xi/^^)„ 4 Rr„(x„) 

The mapping fibers are taken in the oo-derived category of abelian groups. 

We have Rrsy„(X,r)„ ~ Rrsy„(X,r) Z/p". There is a canonical quasi-isomorphism 

R4y„(X,r)„ 4 [Rr„(X)„^^^444)Rr„(X)„©Rrer(X,^/^M)^]. 

Similarly in the completed case. 

The above definitions sheafify. Let ^cr}n, ^cr,m and .54 (r) for r > 0 be the etale sheafifications of 
the presheaves sending etale map C/ —>• X to Rrcr(H, Rrcr(H)„, and Rrsyn([/, r)„, respectively. 

We have 

-s^cr.n], Rr,y„(X,r)„ = Rr(X,„.54(r)). 

Remark 5.1. Recall that syntomic cohomology can also be defined as cohomology of the syntomic site 
with values in syntomic Tate twists. Let us explain briefly how. We will be working with fine log-schemes. 
For a log-scheme X we denote by Xgyn the small log-syntomic site of X defined as follows. The objects 
are morphisms f : Y ^ Z that are log-syntomic in the sense of Kato, i.e., the morphism / is integral, 
the underlying morphism of schemes is flat and locally of finite presentation, and, etale locally on Y, 
there is a factorization Y ^ W \ Z where h is log-smooth and i is an exact closed immersion that is 
transversally regular over Z. We also require / to be locally quasi-finite on the underlying schemes and 
the cokernel of the map {f*Mz)^^ —>■ (M? being the log-structure sheaf) to be torsion. 

For a log-scheme X log-syntomic over Spec(bF(fc)), define 

^“(X) = ijO,(X, ^H(X) = RO (X, ^M)„. 

We know that the presheaves are sheaves on X„_syn, flat over Z/p", and that © Z/p" ~ 

There is a canonical isomorphism 

Rr(Xsy„,^M):^Rr„(X,^W)„ 
that is compatible with Frobenius. Set 

■5^n{r) := [,/M 

This is the syntomic Tate twist. In the same way we can define log-syntomic sheaves on X^ gy^ 

for m > n. Abusing notation, we define S^niz) = i»o54(r’) for the natural map i : Xm,syn —>■ Xgyn. Since 
4 is exact, Rr(Xm_syn,/j(r)) = Rr(Xgy„,/^(r)). We have 

/i(r) = Re*/i(r), e : Xsy„ Xet, 

Rrgy„(X,r)„ = Rr(X,t,.54(r)) = Rr(Xgy„,/,(r)). 


Proposition 13.121 gives a simple description, up to some universal torsion, of syntomic cohomology 
sheaves. Namely, assume that X is semistable over or a base change of such. We write 




where we set := 


'cr,nj ■ 
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Corollary 5.2. (i) Fori^r, the sheaf ) is annihilated by , for a constant N = N{e,d,p,r). 

(ii) For i > r + 1, the sheaf Jtf’'{S^n{r)) is annihilated by p^^''\ 

(iii) For i <r — 1, the natural map ® p^-quasi-isomorphism, for 

a constant N = N{e,d,p,r). Moreover we have the short exact sequence 

0 ^ A‘rt) ^ ^ ^ « 

5.1.2. Syntomic complexes and p-adic nearby cycles. Let X be a fine and saturated log-scheme log- 
smooth over Denote by Xtr the locus where the log-structure is trivial. This is an open dense 

subset of the generic fiber of X. Fontaine-Messing [28], Kato [36] have constructed period morphisms 
(i : Xq ^ X,j : X^r ^ X) 

: ^n{r)x ^ i*Rj*'Z‘/p'^{r)'x^^, r > 0. 

Assume now that X has semistable reduction over or is a base change of a scheme with semistable 
reduction over the ring of integers of a subfield of K. That is, locally, X can be written as Spec(A) for a 
ring A etale over 
(5.3) 
i^kIX 




■ ■ ■ , Xa+b, Xa+b+1, ' ’ ' , Xd, Xd+l]/{Xd+lXa+1 ■ ' ■ Xa+b — 1 < h < 6. 


If we put D := {Xa+b+i ■ ■ ■ Xd = 0} C Spec(A) then the log-structure on Spec A is associated to the 
special fiber and to the divisor D. We have Spec(A)tr = Spec(Aif) \ Dx- 
The purpose of this section is to prove the following theorem. 

Theorem 5.4. Let X be a scheme with semistable reduction over Gk or a base change of a scheme with 
semistable reduction over the ring of integers of a subfield of K. For 0 < i < r, consider the period map 

a™ : ^ i^R^j.Zfp^irYx^^. 

(i) If K has enough roots of unity then the kernel and cokernel of this map is annihilated by p^'^+'^p 
for universal constants N and Cp. 

(ii) In general, the kernel and cokernel of this map is annihilated by p^ for an integer N = N{K,p,r), 
which depends on K, p, r. 

Proof. It suffices to argue locally. Take an Gx-algehra A as in (15.31) and such that Spec(A/p) is nonempty 
and connected. We have 

Rrsy„(Spec(A)_r)„ = Syn(A, r)„, Rrsyn(Spec(A), r) = Syn(A, r). 

The Fontaine-Messing period map 

a™ = a™A ■■ Syn(A, r)„ ^ Rr(rt,.,t, Z/p"(r)'), T := Spec A^ 

can be described as the composition of the henselian version of the map a™ with the natural map 
C(Gfl;, Z/p”(r)') —>• Rr(Ytr,et, Z/p”(r)') for R A^ and Gr - the Galois group of the maximal extension 
of R unramified in characteristic zero outside the divisor Dr. The henselian version of the period map 
d™ is obtained by replacing R with R and with Gr. We set Syn(A, r)„ = Syn(A,r)„. 

Let i < r. We need to show that the map 

-PM 

a™ : if*Syn(A, r)„-^if*G(Gfl, Z/p"(r)') ^ if*Rr(rtr.et, Z/p"(r)'), 


(5.5) 
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is an isomorphism (up to the wanted constants). To do that we will pass to the completion of A. Consider 
the following commutative diagram. 

^PM 

(5-6) H^{Syn{A, r)n) Z/p^{ry) - Z/p^{rY) 

l l 9 

^PM ^ ' 

HHSyn(Ar)„) H\G^,7./p^{ry) 


where U = (Spec i?)tr,:= (Sp-R[l/p])tr- Now, the middle vertical arrow is an isomorphism because 
the two Galois groups are equal by Lemma [5751 ('combination of Abhyankar’s Lemma and Elkik’s approx¬ 
imation techniques), the map / is an isomorphism by a K{'k, 1)-Lemma Isee lS.l.^ . and the map g is an 
isomorphism by a rigid GAGA argument (see 15.1.51) . All of which we prove below. It thus remains to 
prove that the map 


-FM 


-FM 


O' = o 

^r,n,A 


LrXSyn(A, r)„) ^ iL*(G^, Z/p"(r)'), ^ < r. 


is an isomorphism (up to the wanted constants). In the case that K has enough roots of unity this follows 
from Theorem 14.161 and Theorem 14.141 which proves the first claim of the theorem. 

To prove the second claim, we pass from R = Aio W := R[C,pi), i > c{K) -|- 3, so that i?* has enough 
roots of unity. There the Fontaine-Messing period map is a p^’’-quasi-isomorphism, for a universal con¬ 
stant N (as we have just shown). To descend note that this period map is Gi = Gal(Ari/Ar)-equivariant, 
i.e., that the following diagram commutes (cf. Remark 15.101 belowl. 


Rr(G„ Syn(i?b r)„) —^ Rr(G„ G(G^j., Z/p-(r)')) 

Syn(R, r)n -^-- C{Gr, Z/p-(r)') 

Hence to finish the proof of our theorem it suffices to quote Lemma [5.91 below. □ 


5.1.3. Comparison of Galois groups. Recall the following theorem of Liitkebohmert |43) . 

Theorem 5.7. (Riemann’s Existence) Let be a smooth quasi compact rigid space. Let ^ C SC be a 
normal crossings divisor and set ^ = SC \ Sf. Then any finite etale covering of 'W extends (uniquely) 
to a finite flat normal covering of SC. 

Proof. This is the main theorem of [43) . One uses the description of the tubular neighborhoods of the 
divisor Sf from Theorem 1.18] to pass to pointed disks (of varied dimensions), which then can be 
treated by the extension lemma [43l Lemma 3.3]. □ 

Let i? be a ring as in ()5.3I) or a henselization at (p) of such a ring or a ring as in 12.2.21 Let Rm ■= 
R{Cm)[Aiyyyi, ■ ■ ■ ,X(f ^], for a choice of a primitive m’th root of unity Cm, and R'^ := UmRm- Let R^ 

be the maximal extension of R'^ which is etale in characteristic zero. We define similarly R'^ and Roc- 

Lemma 5.8. (i) (Abhyankar’s Lemma) The natural inclusion R^ C R is an equality. In particular, we 
have the natural isomorphism 

Gr = G^l(R[l/p]/R[l/p]) sy Gal(R'^[l/p]/R[l/p]). 

(ii) (Approximation) Let R be a henselization of a ring of the form 15. 3\} . The natural map G^ —)> Gr 
is an isomorphism. 
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Proof. For the first statement, we first assume that R is of the form (15.31) . Recall that R is the direct limit 
of a maximal chain of normal i?-algebras, which are domains and, after inverting p, are finite and etale 
extensions of R[^/ Similarly, R^ is the direct limit of a maximal chain of normal 
i?-algebras, which are domains and, after inverting p, are finite and etale extensions of R'^\\/p]. Let Y 
Spec(i?[l/p]) be a normal, connected, finite scheme such that the base change F(SpecR)tr (Speci?)tr, 
(Speci?)tr := Spec(i?[l/p]) \ {Xa+b+i ■ ■ • Xd = 0}, is a finite etale extension. Since R[l/p] is regular, by 
Abhyankar’s Lemma [511 XIII, Proposition 5.2], there exists a number to > 1 such that the finite extension 
Ym ■■= (Y Xspec(R[i/p]) Spec(i?(C™)[1/p]• ■ • , of Spec(R[l/p][A™-4„ ■ • • , A-'^]) is 

etale. The first statement of the lemma for follows for R and for its henselization at (p). For R as in 
12.2.21 we argue in the same way noting that the rigid space Y above exists by Theorem 15.71 

For the second statement, since clearly Gal(i?/^[l/p]/R[l/p])) ^ Gal(i?/^[l/p]/i?[l/p])), by (i), it 
suffices to show that the natural map 

Gal(lL[l/p]/.Roo[l/p])) ^ Gal(i?L[l/p]/i?oo[l/p])) 

is an isomorphism. But 

G^\{R^[l/p\/Roo[l/p])) = limGal(l™[l/p]/.R^[l/p])), 

m 

Gal(i?'oc[l/p]/Roo[l/p])) = limGal(i?m[l/p]/Rm[l/p])), 

m 

where i?m[l/p] (resp. i?m[l/p]) denotes the maximal etale extension of i?m[l/p] (resp. i?m[l/p]). Since 
Rm is henselian at (p) and (Rm)'^ = Rm, we have, by Elkik’s theorem |23l Gorollary p. 579], that, for 
TO > 0, 

Gal{Rm[i./p\/Rm[^/p])) ^ Gal{Rm[i./p\/Rm[i./p])). 

To conclude we pass to the limit over to. □ 

5.1.4. K{n,l)-Lemmas. To show that the map / in diagram 15.61 is an isomorphism, note that this is 
just the A(7r, 1)-Lemma for ^ and p-coefhcients. In the case of the divisor at infinity D being trivial 
this is proved by Scholze [571 Theorem 1.2]. The general case we will treat the way Faltings treated the 
algebraic case. We have to show that, for any locally constant constructible p”-torsion sheaf ./#, any 
class (3 G iL®('^ 4 t, , * > 0, dies in a finite etale extension of During the proof we will often pass 

to the extension of generated by taking fc’th roots of all the tZ/s, k > 0. This is possible since the 
normalization of ^ in this extension satisfies the same hypothesis as ^. 

By Abhyankar’s Lemma [5^ we have = GdX{R^[l/p]/R[l/p\). Hence, by adjoining fc’th roots 
of C/i’s, for some fc > 0, and adding some roots of unity if necessary, we can assume that the sheaf 
.Yf is unramified, i.e., that it is a module for the fundamental group of Spec(i?[l/p]). Let j : ‘W ^ 
Sp(i?[l/p]), f = Ui - ■ ■ Ub. There is a spectral sequence 

A*’* = iL*(Sp(i?[l/p]),t,R‘j*^) 

Taking p^’th roots of / induces multiplication by p*^ on E^'*'. This can be checked on the finite extension 
of Spec(i?[l/p]) that trivializes and there it follows from the purity statement [21] Thm 7.2.2], [45] 
Proposition 2.0.2], i.e., the fact that 

i?‘j,z/p" ~ ® z/p"(-l), y := Sp(i?[l/p]), 

where My is the log-structure on Y associated to Dk- My = n &y, is the induced sheaf of 

abelian groups, and My := My/ ffy. 

Repeating this procedure several times we reduce to the case when /3 is a restriction of some cohomology 
class on Sp(i?[l/p]). Then we can use Scholze’s K{tt, 1)-Lemma again. 
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5.1.5. Rigid GAGA. To show that the map g in diagram (15.61) is an isomorphism, we will argue by 
induction on the number of irreducible components of the divisor Dk, i.e., on s. If s = 0 this is a result 
of Gabber [29l Thm 1]. Assume that the isomorphism is true for s — 1. The case of s follows now easily 
from the following commutative diagram of localization sequences in the etale and rigid etale cohomology 
mi Thm 7.2.2](we assumed s = 1 for simplicity). 








■H\U,t,Zlp^) 


W 


^DK.et^'^lpn 

I 








Here we set T := Spec(i?[l/p]), 3^ := Sp(i?[l/p]), and ^ is the rigid analytic spaces associated to Dk- 
The vertical isomorphisms follow from the inductive assumption. 

5.1.6. Galois descent. 

Lemma 5.9. Let Ki be a Galois extension of K, with relative ramification index ei and Galois group 
G. Set Ri := R®e^ The natural map 


RT 


syniR,1^) Rr(G, Rrsyn(i?i, r)) 


is a -quasi-isomorphism for some universal constant c. 

Remark 5.10. One can see the G-action on Rrsy„(i?i,r) and the map Rrsyn(R,r) —>■ Rrsyn(i?i,r) very 
explicitly. Namely, instead of the coordinate ring ffp[Ti] of ^Ki, Ti i—>■ wi, one can take the coordinate 
ring ffp[T, X^,a G G], T i-a zu,X^ i-a a{wi). The action of G on this coordinate ring is defined by 
giT)=T,g{X^) = Xg„,gGG. 

Proof. Since crystalline cohomology satisfies etale descent we may assume that our extension is totally 
ramified. Write 

Rr,y„(R,r) = [RT,,{Rr-P^ Rr„{R)/F'^], 

Rr„{Rr=P^ := [Rr„{R)^Rr,r{R)] 

It suffices to show that the maps 

RT„{RV=P’' ^ Rr(G, RT„{Rir=P’'), RT„{R)/F^ ^ Rr(G, Rr„{Ri)/F'^) 
are p®®®!-quasi-isomorphisms. 

To treat the first map consider the following diagram of maps of schemes 

, iRi 


iQ 



Ri 


R 




It yields the commutative diagram 


Rrcr(i?) 


R-rcr(Ro) 


‘ill 


Rr(G,Rrcr(Ri)) 


Rr(G,Rrcr(i?o)) 






















58 


PIERRE COLMEZ AND WIESLAWA NIZIOL 


Since the right vertical map is a ei-quasi-isomorphism, it follows that it suffices to show that the morphism 

and its analog for i?i are p‘^’'ei-quasi-isomorphisms. To see this for R consider the following factorization 

: Rrcr(i?/^F)‘^=^’' ^ Rrcr(Ro/^F)‘^=^’' Rrcr(i?/^F)‘^=^’' 

of the m’th power of the Frobenius, where p"* > e. We also have zjjjm = P™- Since is a p^’’'"-quasi- 
isomorphism on Rrcr(i?)‘^^*’ and on Rrcr(Ro)‘^^^ both zjj and jm are p'^’’'"-quasi-isomorphisms as well. 
The reasoning in the case of Ri is analogous. 

It remains to show that the map 

RT,,{R)/F'^ ^ Rr(G,Rrer(Ri)/F") 

is a + ei-quasi-isomorphism. For that recall that Beilinson’s identification of filtered log- 

crystalline cohomology with filtered derived log de Rham complex [H 1.9.2] allows to prove that, for 
n > 1, the natural map 

Rrcr(R)„/F" ^ Rrcr(i?/^^)„/F’" RFdR(i?/^F)n/F’" 

is a rp”r*^'^^/^o)-quasi-isomorphism [351 proof of Corollary 2.4]. Same is true for i?i with a constant 
j-pVpiSK-^/Kg)^ It follows that it suffices to show that the map 

RrdR(i?/^F)n/-F" ^ RF(G,RrdR(i?l/^Fjn/F") 

is a ei-quasi-isomorphism. But, since, ®eK ^Ki, this is clear. □ 

Using Corollary 13.161 and the proof of Theorem 15.41 we can relate de Rham and p-adic rigid etale 
cohomology. More specifically, let be a quasi-compact formal, semistable scheme over ffx (i.e., locally 
of the form described in section 2.1.2 with h = 1). For * > 0, consider the composition 

Corollary 5.11. For i < r — 1, the map 

is an isomorphism. Moreover, the map ar^r ■ —t H^^{t^K,tr,Qp{r)) is injective. 

5.1.7. Geometric syntomic cohomology. Recall the definition of the geometric syntomic cohomology, i.e., 
syntomic cohomology over K. For a log-scheme X, log-smooth over and universally saturated, we 
have the absolute log-crystalline cohomology complexes and their completions 

^^cr{Xe—,^'^ ^)n ■ = R.rcr(^^y,et5 

RTcriXe-, : = holim„ Rrcr(X<?_, 

RT,,{Xff^, : = RFe.(X^^, ® Qp 

By 13 Theorem 1.18], if X is proper, the complex Rrcr(-^^.^) is a perfect Acr-complex and 

Rrer(A^_)„ ~ RF„(X^_) Aer/p” RFer(A^_) Z/p". 

In general, we have: 

Rr„(A^y, ^ Rr„(A^_, ^M) (^L 2/pn^ 

Moreover, F’^Acr = Rrcr(Spec(^ 5 f), [63l 1.6.3,1.6.4]. 

For r > 0, the mod-p", completed, and rational syntomic complexes RFsyn(A^._, r)„, RFsyn(A^._, r), 
and RFsyn(A^._, r)q are defined by the analogs of formulas we have used in the arithmetic case. We have 
Rrsyn(A^_, r)n ~ Rrsyn(A^_, r) (8)^ Z/p". Let =5^(r) be the etale-sheafification of the presheaf sending 
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etale map U —)> to Rrsyn(t^, ?')■ Let =5^n(r) denote the etale-sheafification of the mod-p" version of 

this presheaf. 

Corollary 5.12. (i) Let X be a semistable scheme over or a base change of a semistable scheme 
over the ring of integers of a subfield of K . Then for 0 < j < r, the kernel and cokernel of the map 

a™ : ^ TWf^ZIp^ir)'^^ 

is annihilated by p^'', for a universal constant N. Here i : Xq ^ Xff—,j : X^^^ ^ ^^-k' 

(ii) Let X be a fine and saturated log-scheme log-smooth over If X is proper then the map 

a™ : Hiy^{Xff^,r)Q 4 W{X^^ -j^,Qp{r)), j < r, 

is an isomorphism. 

Proof. The first claim follows from Theorem 15.41 bv going to the limit over finite extensions of the base 
field. 

It implies the second statement of the corollary for semistable schemes and with the group HNfy^{Xff—, r) 
as the domain. Here HNf^^{Xff.^,r) := lmi/'’Rrsyn(X^^, r)„, j > 0, denotes the naive syntomic coho- 

mology. We have a natural map Hiy^{Xff^,r) —>• HNiy^{Xff^,r). Since the groups H*{X^^^,Z/p'^{r)) 
are hnite all the relevant higher derived projective limits vanish and we can replace the naive syntomic 
groups with the “real” ones. 

To pass to general log-smooth schemes we use the following observation. We can assume that K has 
enough roots of unity. By m Theorem 2.9], there exists a ramified extension Ki of K such that the 
base change Xgj^^ has a semistable model. That is, there exists a log-blow-up n : Y ^ such that 

y is a semistable scheme (with no multiplicities in the special fiber). We have the following commutative 
diagram 

Z/p"(r)') 

TT* TT* 

^FM 

, r)„ ^4- (Xtr,K,, Z/p44') 

Since log-blow-ups do not change syntomic cohomology |481 Proposition 2.3] and the top horizontal map 
is a p^”-quasi-isomorphism, for a constant N independent of n, so is the bottom one. 

The hnal claim in the corollary is now clear. □ 

5.2. Semistable comparison theorems. We show in this section how the comparison theorem for 
p-adic nearby cycles (cf. Corollary 15.121) combined with the theory of finite dimensional Banach Spaces 
allows us to reprove the semistable comparison theorem for schemes and prove a semistable comparison 
theorem for formal schemes. 

5.2.1. Semistable conjecture for schemes. For X proper and semistable over Hk (with no multiplicities 
in the special fiber), we have [JHl 3.2] 

(5.13) Rr,y„(X^_, r)Q = [[RrHK(W) b+]^=4W=o ^ {RT^^{Xk) B+,)/F”] 

Here RrHK(W) ~ Rrcr(yo/^F)Q the Hyodo-Kato cohomology of X defined by Beilinson [7] and 
tdR : RrHK(y) -5- RrdR(-^A') is the Hyodo-Kato map (associated to zu). The Hyodo-Kato complexes 
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are built from finite rank {ip, 7V)-modules. We set 

[RFhkW ®f := 


I 1 —Cp/iO^ I 

R'rHK(^) ®F ^ RFhkI^) 


N 


N 


.1 — ^ I 

RrHK(^) ®F B+ —^ RrHK(^) B+ 


Recall that i7'^ [RrHK(-^) <8 if (g)F [JB] Corollary 3.25]. By the de¬ 

generation of the Hodge-de Rham spectral sequence [HI Corollary 4.2.4] we also have i7'^ ((RrdR(^F)®F 
B]Jj^)/F’') = {H^^{Xk) ®k BdR,)/.^’^- It follows that we have the long exact sequence 

(5.14) ^ B+h)/F’- ^ r)Q ^ 

^ {H^^^{Xk) ®k B+r)/F'- ^ 


Corollary 5.15. (Semistable conjecture) Let X be a proper, fine and saturated log-scheme, log-smooth 
over with Cartier type reduction. There exists a natural 'Bst-Hnear Galois equivariant period iso¬ 
morphism 

a : Qp) ®Qp Bst — ®p Bst 

that preserves the Frobenius and the monodromy operators, and, after extension to BdR, induces a filtered 
isomorphism 

a : HftX^.^j^, Qp) ®q^ BdR ~ H^^{Xk) ®k Bor 
Proof. Take r > i. The period map is induced by the following composition 

FM 

HftX,^T;,Qpir)) ^ 7J,VJX^_,r)Q ^ (iJ^K(^) ®f ^ 

The first map is an isomorphism by Corollary 15.121 The period map is clearly compatible with Galois 
action, Frobenius, monodromy, as well as with filtration (after extending to Bdu). To prove our corol¬ 
lary, it suffices to show that H^^{Xf:) is admissible and that the above map induces an isomorphism 
il®(Xtr Qp) ~ Vst(i?dR(^A))- To do that we will use Corollary 15.121 exact sequence (15.1411 . and the 
theory of finite dimensional Banach Spaces from m to prove Proposition 15.201 below that will imply our 
corollary (take := {Hl^^iX), H^^^iXK), Hr : Hl,^{X) ^ H^^^{Xk)). □ 


5.2.2. Finite dimensional Banach Spaces. Recall m that a finite dimensional Banach Space W is, 
morally, a finite dimensional C-vector space {C := K ) up to a finite dimensional Qp-vector space. 
It has a PimensioiFI Dim IT = {a,b), where a = dim IT € N, the dimension ofW, is the dimension of 
the C-vector space and 6 = htlT S Z, the height of W, is the dimension of the Qp-vector space. More 
precisely, a Banach Space W is a functor A >->■ W(A), from the category of sympathetic algebras (spectral 
Banach algebras, such that x i—>■ is surjective on {x, |x — 1] < 1}; such an algebra is, in particular, 
perfectoid) to the category of Qp-Banach spaces. Trivial examples of such objects are: 

• finite dimensional Qp-vector spaces V, with associated functor A i-A T for all A, 

• for d G N, with V'^(A) = for all A. 

A Banach Space W is finite dimensional if it “is equal to for some d G N, up to hnite dimensional 
Qp-vector spaces”. More precisely, we ask that there exists finite dimensional Qp-vector spaces Vi , V 2 
and exact sequencef^ 


1191 . the dimension is called the “dimension principale”, noted dimpr, and the height is called the “dimension 
residuelle”, noted dimres, and the Dimension is called simply the “dimension”. 

sequence 0 —>■ Wi W 2 —>■ W 3 —)■ 0 is exact if and only if 0 ^ Wi(A) W 2 (A) —>■ W 3 (A) ^ 0 is exact for all A. 
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SO that W is obtained from by “adding Vi and moding out by V 2 ”. Then dimW = d and htW = 
dimQj^ Vi — dimq^^ V 2 . (We are, in general, only interested in W = W(C') but, without the extra structure, 
it would be impossible to speak of its Dimension.) 

Proposition 5.16. (i) The Dimension of a finite dimensional Banach Space is independant of the choices 
made in its definition. 

(ii) If f : Wi —>■ W 2 is a morphism of finite dimensional Banach Spaces, then Ker/, Coker / and Im/ 
are finite dimensional Banach Spaces, and we have 

Dim Wi = DimKer / + Dimlm/ and Dim W 2 = Dim Coker/ +Dim Im/. 

(iii) //dimW = 0, then htW > 0. 

(iv) If W has an increasing filtration such that the successive quotients are , and if W is a sub- 
Banach Space ofW, then htW' > 0. 

Proof. The first two points are the core of the theory [191 Th. 0.4]. The third point is obvious and the 
fourth is |2 q 1 Lemme 2.6]. □ 

Corollary 5.17. (i) //Wi is a successive extension ofY^’s, and i/W 2 is of dimension 0, then any 
morphism Wi —^ W 2 is the 0-map. 

(ii) Let Wi, W 2 be finite dimensional Banach Spaces, Wi = Wi(C') and W 2 = W 2 (C'). Suppose that 
W 2 is a successive extension o/V^ ’s, and that we are given a Qp-linear map f : Wi W 2 which lifts to a 
morphism f : Wi —>■ W 2 of finite dimensional Banach Spaces. Then, if we are in one of these situations: 

• dimQp Coker(/ : Wi —>■ W 2 ) < 00 , 

• dimQp Ker(/ : Wi —>■ W 2 ) < 00 and dimWi = dimW 2 , 
the map f : Wi W 2 is surjective. 

(iii) If f : Wi —^ W 2 is a morphism of finite dimensional Banach Spaces, and if the kernel and cokernel 
of fc '■ Wi(C') —>■ W 2 (C') are finite dimensional over Qp, then dim Wi = dimW 2 . 

Proof. Let / : Wi ^ W 2 be a morphism. We have dimlm / = 0 since dimW 2 = 0. Now, htWi = 0; 
hence htim/ = —htKer/, and htKer/ > 0 by (iv) of ProDOsition l5.16l and our assumption on Wi. So 
htim/ < 0, and since dimlm / = 0, we obtain Im / = 0, as wanted. 

To prove (ii) in the first situation, note that the Banach Space Coker(/ : Wi ^ W 2 ) is of dimension 0 
since its C-points are finite dimensional over Qp by assumption. Hence we can apply (i) to deduce that 
this cokernel is 0, hence also the cokernel of / : Wi —>■ W 2 . In the second situation, the assumption 
dimq^ Ker(/ : Wi —>■ W 2 ) < 00 imply that dimKer(/ : Wi ^ W 2 ) = 0 and, since dimWi = dim W 2 , 
this implies that dimCoker(/ : Wi ^ W 2 ) = 0, and we conclude as before. 

Finally, (iii) is a consequence of (ii) of Proposition l5.161 which implies (forgetting the heights), 

dimWi — dimW 2 = dim Ker / — dim Coker/, 

and the fact that dim Ker / = dim Coker / = 0 since their C points are of finite dimension over Qp by 
assumption. □ 

Example 5.18. Let D = {Dgt, X), where: 

• Dst is a finite dimensional E-vector space with a bijective semi-linear Frobenius tp, and a linear 
monodromy operator N such that Nip = pipN, 

• DdR is a finite dimensional K-vector space with a decreasing, separated, exhausting filtration 
indexed by N, 

• A : Dst DdK is a E-linear map. 

If r G N, define 

Xl,{D) = (t-^Btt and D^kI/F^. 
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These are the C-points of finite dimensional Banach Spaces Xgj(Z?) and and we have (cf. [191 

Proposition 0.8]), 

r 

dimXl^iD) = (rdim^HdR - ^dimF^HdR, 0) 

dunXl,iD) = J2 (r — Ti, 1), where the r^’s are the slopes of (p, repeated with multiplicity. 

ri <r 

In particular, if F'’+^Z?dR = 0 and if all r^’s are < r (we let r{D) be the smallest r with these properties), 
then 

dimX^t(-C') = {rdimpDst - tN{Dst),dimF D^t) and dimX)ij^(£)) = (rdimxUdR - (^'cIr), 0). 

Here tNiD) = Vp{det(p) and tniD) = X)i>o * dim^f (F^HdR/T’^+^T’dR)- 

Now, the map A extends (using the natural map B)]j^) to a map Xl^{D) —>■ X^^^D) of fi¬ 

nite dimensional Banach Spaces and, if A : K Dst —t T^dR is bijective (in which case we set 
rkZ? = dimj’Ust = dimifUdR), then the kernel of the C points of this map is Vst(T*) if r > r{D) 
([la Proposition 10.14]). 

The following result is a variant of the theorem “weakly admissible implies admissible”. 

Lemma 5.19. If X : K (S)f ilst~^T^dR *s o,n isomorphism, and if tpr(iAdR) = ti\jiDst), the following 
conditions are equivalent: 

(i) 'V’st(ll) is finite dimensional over Qp, 

(ii) the map Xf^{D) —>• Xf^^{D) is surjective for r = r{D). 

(ii') the map Xf^{D) —>■ Xjj^^{D) is surjective for all r > r{D). 

Moreover, they imply: 

(iii) ti\j{D') > tp^D') for all D' <Z D stable by N and p (i.e. D is weakly admissible). 

(iv) dimQp Vst(T>) = rkU. 

Proof. The hypothesis tniDdR) = tFf{Dst) implies that dim(X(]p,(U)) = dim(Xgj(iA)) for all r > r{D). 
Now, X(]j^(Il) is a sucessive extension of V^’s; hence, if Xst{D) is finite dimensional over Qp, we are in 
the second situation considered in Lemma 15.171 (iil. which proves the implications (i)=>(ii) and (i)^(ib). 
The converse implications and (iv) are just Dimension arguments. 

Now, if there exists D' with In^D') < tniD'), then dim{Xl^{D')) > dim(X(jj^(iA')) if r is big enough, 
so the dimension of Ker (X^j {D')^ ^dR(^O) is > 1 and Yst{D') is infinite dimensional over Qp. As this 
contradicts our hypothesis that Vst(D) is finite dimensional over Qp, this proves (iii). □ 

Proposition 5.20. Assume that, for r € N, we have a set of = (11®^, A*), i € N, as above but 

with the additional condition = 0, and long exact sequences 

• • • ^ iJ®(r) ^ A” (D®) ^ Ad”R(D®) ^ H^+\r) ^ • 

Assume that dirng^ H^(r) is finite if r >i. Then: 

(i) the map A® : K ®f Dlt bijective, if i >0, 

(ii) D® is weakly admissible, ifi>0, 

(iii) the map Xf^{D^) —>• Xf^^{D'^) is surjective, if r >i, 

(iv) i7®(r) = V,t(D®), ifr>i. 

Proof. To see (i) note that the fact that H'^{r) and i7®+^(r) are finite dimensional over Qp for r big 
enough implies that dim(X(jj^(iA®)) = dim(Xgj(D®)) for all such r by (iii) of Corollary 15.171 This, in turn, 
implies that dim^ 11®^ = dimi^ and tniD’') = tM{D'-). 

Now, let D' := Im(A®) C Then the image of Xgj(D®) in X)]j^(iA®) is included in X(]j^(D') and 

so the cokernel surjects onto X(]R(D®/iA') = 0. Since its C-points inject into i7®+^(r) which is finite 
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dimensional over Qp, it follows that dim(Xjj^(DY-D')) = 0 if r > i + 1. This implies that D'‘ jD' = 0, 
and that A* is surjective, hence bijective. 

Claim (ii) follows from claim (i) and Lemma [5. 191 Note that it implies that r(iA®) < i since = 

0 by assumption. 

Hi < r — 1, the map is the zero map, since the source is the C-points of a 

successive extension of ’s and the target is a finite dimensional Qp-vector space by assumption. This 
allows to split the long exact sequence into short exact sequences 0 — W{r) —>• —5> X^p,(iA*) — 0 

for z < r — 1 and 0 —>■ H''{r) —5> —>• We conclude that iL*(r) = Vst(Ll*), if z < r, using 

inequality r{D'^) < i and Lemma [5.191 □ 

5.2.3. Semistable conjecture for formal schemes. Let be a fine log (p-adic) formal scheme, log-smooth 
over and universally saturated. We define the arithmetic and geometric syntomic cohomology of 
by the same formulas as in the algebraic setting. 

For ^ semistable over we have a rigid analytic version of the period map of Fontaine-Messing 

a™ : Jr, r)„ ^ ( JGc.tr, Z/p’^(r)'). 

The definition is a straightforward analog of the algebraic definition p. 321]. Namely, we cover 
JT with open affine formal schemes of the right presentation, use the Fontaine-Messing map on each 
open set almost verbatim to end up with a Cech complex of Galois cochains. Then we use the K{Tr, 1)- 
Lemma for p-coefhcients to pass to a Cech complex of etale cohomology. That is, in the local version 
of this map one combines the map d™ : Syn(i?,r)„ —>■ (7(0^, Z/p"(r)') with the quasi-isomorphism 
Z/p"(r)') Rr((Sp(i?[l/p]))tr,et, Z/p"(r)'). This quasi-isomorphism is obtained from the Rie- 
mann’s Existence Theorem 15.71 bv Abhyankar’s Lemma argument as in Lemma 15.81 Finally, we descend. 

Corollary 5.21. Let SL be a proper semistable formal scheme over ffx- Then the period map 

or : r)Q 4 Qp(r)), j < r, 

is an isomorphism. 

Proof. The first claim follows from Theorem 15.41 bv going to the limit over finite extensions of the base 
field. It implies the second statement with the naive syntomic cohomology groups J4_, r) := 

hm i7^Rrsyn( J4_, r)n in place of the syntomic cohomology groups. Since the groups 7L*( J^c tr’ Z/p"(r)) 

'n ’ 

are finite [S71 Theorem 1.1] all the relevant higher derived projective limits vanish and we can replace the 
naive syntomic groups with the “real” ones. The final claim in the corollary is now clear. □ 

To proceed, we need to derive a presentation of the geometric syntomic cohomology using Hyodo-Kato 
and de Rham cohomologies analogous to the one we have used in the algebraic setting. Assume that 
the log-scheme JG is of Cartier type over Spec(iGxp)^. We have the Hyodo-Kato cohomology complex 
RrHK(J^) — RFcr( JG)/^f)q the quasi-isomorphisms [T] 1.16.2] 

(RrHK( J:*) Oe ~ RFhk( 4') B+, 6cr : RFhk(4') b+ 4 Rr„( jr)Q, 

that are compatible with the action of N and tp. Recall that the complex RrHK( Ji”) is built from finite 
rank ((/?, A^)-modules over F. We also have the Hyodo-Kato isomorphism [3 1.16.2] 

Mr: RrHK(4’) Gif K —>• RFdR( JGc )• 

Since, for JT semistable over ffx, we have RFdR(JG^) — RrdR(JGf.tr), in that case the Hyodo-Kato 
isomorphism has the following form 


Mr: RrHK(4') G>f K —>• RFdR( JGf.tr)- 
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Proposition 5.22. For 3F proper and semistahle over with Cartier type reduction, we have 

(i) the quasi-isomorphism 

(5.23) Rr,y„( r)Q ~ [[RrHK(^) B+]‘^=p’'-'^=°^(RrdR(.rK) ®K 

(ii) for j < r, the following short exact sequences 

(5.24) 0 ^ ff,V( r)Q ^ ^ (HiKm B+j,)/F'- ^ 0 

Proof. Recall [7] that we have the complexes 

RrjR(j?r^._)„ :=Rr(.^^__,st,tiolimn,Rr^j^(.^^_)n, 

Rr^R( jr^^)§Qp :=(Rr^j^(.r^ggZp) ® q. 

These are objects in the hltered cx)-derived category. Here ^ denotes the derived log de Rham 

complex (see [B] for a review). The hat refers to the completion with respect to the Hodge hltration (in 
the sense of prosystems). Set AdR := By [TJ Lemma 3.2] we have AdR = R-rjj^(^.^). The 

corresponding F-filtered algebras AdR,n, AdR®Zp, AdR®Qp are acyclic in nonzero degrees and the 
projections -/F^+i ^ -/F"* are surjective. Thus (we set limj? := holimir) 

limAdR§Qp = ^F0(AdR®Qp/F'") = B+^, AdRSQp/F'" = B+JF^. 

F \n 

Recall that we have the quasi-isomorphism [46l Thm 2.1] 

: Rrer(.r^^)Q/F’- ^ Rr^j,( jr-^_)gQp/FF 

This yields the first quasi-isomorphism in the following diagram. 

Rr,yn(^^^,r)Q ^ [Rrcr(Jr^^)Q Rrcr(.r^y)Q 0 (Rr^j^( jr^_)§Qp)/F’'] 

^ [RV,,{3Fe-)Q ® (RrdR( JT^) 0 a B+^j/F^ 


To define the second quasi-isomorphism note that the natural map Rr^j^(.^) 0 Qp —s- RrdR(.^A) is a 
hltered quasi-isomorphism: it suffices to show that the natural map 

gr^ Rr(.^t) L^^/^p)®Qp )®Qp 

is a quasi-isomorphism for all j > 0 and this was done in [JB] proof of Corollary 2.4]. It yields, by 
extension to AdR0Qp, a quasi-isomorphism of F-Hltered F-algebras 

7 : RrdR(^A) 0A (AdR0Qp) —>■ Rr^j^( jr^_)0Qp : 

one can use here the arguments of [T] 3.5] almost verbatim. Its mod F'’-version 7 ^ is the quasi-isomorphism 

Jr ■■ (RrdR(^A) 0A b+j,)/f’' ^ Rr^j,( jr^_)/F’' 


The quasi-isomorphism (I5.23P is now dehned by the following composition of morphisms 




RLc 


v) 


Q 


© (RrdR( JTa) 07 ^b+j^)/f'- 


I (1 —I 1 

RrHK(^) 0F B+ 1^ RrHK(^) 0F B+ © (RrdR(jrA) ®tjB+^)/f- 


■P 


N 

RrHK(>^) 0 F Bjt 


(A.O) 

RrHK(^) 0 F B,)) 
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Here second quasi-isomorphism uses the fact that the following diagram commutes (proof of [461 Lemma 
3.23] goes through) 

Rr„( (8 )b+ Bs+t (RrdR(trK) ®k 

^cr I 

RLhk)-^) Bjt 

This proves the first claim of our proposition. 

For the second claim, taking cohomology of the homotopy fiber (|5.23|) we get the long exact sequence 
^ W-\iRTM3rK) b+^)/f-) ^ ^ iJ^ [RrHK(^) ®F B+r=F^^=o 

^ H^((RrdR( b+,)/f’-) ^ 

But, arguing as in the algebraic case [IHl Corollary 3.25], we obtain the isomorphism 
iL^ [RrHK(^) B+]‘^=P’'-^=° ~ B+r=F’^=°. 

Hence we have the long exact sequence 

^ W-^{{RTM^k) B+j,)/F^'-) ^ iL4„(jr^_,r)Q ^ B+r=F,^=o 

^ W{{RTM^k) B+r)/F’') ^ 

To show that it splits into short exact sequences for j < r, we start with the observation that the coho¬ 
mology groups iL'^ ((RrdR(>^F:) Bdj^)/F'’') are finite dimensional Banach Spaces which are successive 

extensions of V^. This is because they are finite length B^^'Hiodules: we have 

if^(gr^(RrdR( JIf) B+b)) B+,. 

fc >0 

We get the required short exact sequences by the same argument that we have used in the proof of 
Proposition 15.201 (the key point being that, by Corollary 15.211 the groups r)Q, j < r, are 

finite dimensional vector spaces over Qp). 

It remains to show that, for j < r , we have an isomorphism 

WURTM^k) ®f B+j,)/F^) (ff^R(^F) ®F B+^)/FF 

Just as in the algebraic case this statement (for all j) is an immediate result of the degeneration of the 
Hodge-de Rham spectral sequence which follows from the de Rham comparison theorem for proper rigid 
analytic spaces proved by Scholze m- It also can be proved directly via the following arguments. By 
(I5.24p . we have a surjection 

^ H^((RrdR( JTf) B+^)/F^), j < r. 

Since the above map factors through the natural map 

(5.25) <S>K B+r)/F" ^ H^((RrdR( JT^) B+,)/i^’'), 

that latter is surjective as well. But it is also injective. Indeed, we have the distinguished triangle 
F’’(RrdR(.^F) C)F Bjj^) —^ RrdR(.^F) ®F Bjj^ —^ (RrdR(^F) Bj]j^)/f"’' 

It yields the long exact sequence of cohomology groups 

^ H^F’'(RrdR( JT^) Of B+,) 4 Of B+^ ^ H^ (RrdR( JT^) Of B+^)/F’-) ^ 



Since F"^ Of B^p.) = Im/^, the map in (15.251) is injective. We are done. 


□ 
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Corollary 5.26. (Semistable conjecture) Let be a proper semistable formal scheme over (Lk- There 
exists a natural Ust-Hnear Galois equivariant period isomorphism 

a : Qp) «)q, B,t B,t 

that preserves the Frobenius and the monodromy operators, and induces a filtered isomorphism 
a : Qp) ®Qp BdR ~ tr) ®K BdR. 

Proof. Take r > j. The period map is induced by the following composition 

The first morphism is an isomorphism by Corollarv l5.21l The proof of our corollary proceeds now as the 
proof of Corollary 15.151 using the short exact sequence (15.241) . □ 

Remark 5.27. It is shown in [33] that the distinguished triangles (|5.13l) and (|5.23l) lift canonically to 
the category of hnite dimensional Banach Spaces. 

Remark 5.28. It is likely that de Rham conjecture for smooth and proper rigid analytic spaces proved 
by Scholze m can be derived from the semistable comparison in Corollary 15.261 using the existence of 
local (in the etale topology) semistable formal models of smooth rigid analytic spaces proved by Hartl 
[5T] and the “gluing on the generic fiber” techniques of [7], [30]. 
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